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INTEGRALS AND ORDERS OF GROWTH
OF DISTRIBUTIONS

by
J. SEBASTIAO E SILVA

INTRODUCTION

In several papers dating from 1954 (see [8], [9], [10], [11] and [12] in
References), I have tried to emphasize the advantages of an axiomatic approach
to the theory of distributions, in connection with an idea of Bochner [1]. As
18 well known, one of the theorems given by L. Schwartz, starting from his
definition of «distribution», states that every distribution 7 on an open set Q
in R” can be represented, on each compact interval I contained in Q, as a deri-
vative D'F of a continuous function on I, where r is some system of n integers
(F and r depending on I). If there is a system r and a continuous function F
such that T'=D"F, the distribution 7 is said to be of «finite order».

The axiomatic characterization of distributions of finite order on an
interval 7 in R", in terms of «continuous functionsy and «derivatives», is a very
simple task, which can be achieved by means of four elementary axioms. The
extension to the general case can be carried out by the method of projective
limits, which corresponds in this case to the Schwartz’s «Principe du recollement
des morceaux».

However the case of distributions of infinite order seems to be of little
importance in applications. So I shall here confine myself to distributions of
finite order, which I shall for convenience call merely «distributions», without
specification. But it should be observed that all the following discussion could
be extended without difficulty to distributions of infinite order.

The chief purpose of these lectures is to introduce the foundations of a
general theory of the integral for distributions, giving a direct justification of
the heuristic methods used by physicists, specially as far as convolution and
Fourier transformation for distributions are concerned. Such a theory was already
developed by the Polish school, in the case of integrals on a bounded interval of
R, applying the Lojasiewicz’s definition of limit of a distribution at a point of
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R (see [56] and [6]). However, as will be shown, the definition of the limit of a
distribution f(z) as « tends to infinity, given by Mikusinski and Sikorski, does not
seem to be sufficiently general. So the theory that I am proposing to discuss here
concerns specially the case of integrals on unbounded intervals.

A feature of this theory, which will be somewhat surprising, is its elemen-
tary form. No elements of the theory of locally convex spaces are needed here.
Definitions and theorems will appear as a simple extension of advanced calculus
for undergraduate students. I must confess that my own conviction is that,
in many questions concerning distributions, the intervention of topological linear
methods is artificial, masking the simplicity of the essential ideas. As a matter
of fact, it was the topological point of view that prevented Mikusinski and
Sikorski from using the definition of limit that I shall introduce here, adopting
the representation of distributions as derivatives of functions (according to the
idea of Bochner), instead of as linear functionals (according to Schwartz) or as
limits of sequences (according to Mikusinski-Sikorski).

The first type of representation affords at the same time a natural exten-
sion of the «o» and «O» symbols to distributions, which underlie the whole theory
of the integral and permit a generalization of several convergence tests.

One of the avantages of this theory of the integral for distributions is to
afford a general definition of convolution, which has just the usual form:

(f+g)x) = ff(x—y)g(y) dy

employed currently by physicists without any theoretical foundation. All the
nice properties of convolution, in the most general situations arising in practice,
can be proved in a very simple way, applying the rules which are valid for inte-
grals of distributions.

The Fourier transformation also can be introduced by means of the
standard integral

f eV (y) dy

and the whole theory of Fourier transformation for tempered distributions can be
developed, without assuming any previous theory of the same iransformation for
functions: we have only to follow more or less the intuitive methods employed
by physicists, using them now in a quite rigorous way. This approach has at
least a didactic advantage, since the direct theory of Fourier transformation
for distributions is far more simple than the classical one. In this way, the
classical difficulties can be avoided and, after all, we obtain a very simple and
natural introduction to more refined theories. Thus the usual order is reversed.

But at the same time some new results, which will probably be interesting
in practice, can actually be obtained by this approach.
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§ 1. PRELIMINARIES

1. Notation and terminology

We shall denote by N the set of all positive integers, by N, the set of all
non-negative integers, by R the real field and by C the complex field. Consider
any neN; given two points a=(a,,...,a,) and b=(b,,...,b,) of R" we shall write
a<<b, iff a;<<b; for j=1,...,n, and a<b iff ajgbj for j=1,...,n("). By an inter-
val I in R™ we shall understand the cartesian product of »n intervals I,,...,J, in
R"; the interval I is said to be degenerate, iff at least one of the intervals I;
reduces to a point. We shall here consider only non-degenerate intervals.

Consider the vector space C(/) of all complex-valued functions f(x)=
=f(x,,...,%,), which are defined and continuous on the interval I in R*. For each
system r=(r,,...,r,) of n integers r;>0, we shall put

. 0
D'=D{...D;* , where Dk=—5x—k for k=1,....n ,

and we shall denote by C'(I) the set of all functions f such that D'f exists and
is continuous on [ in the ordinary sense, independently of the order in which the
differentiations are performed.

On the other hand, considering for each & a fixed point ¢ in Jy, arbitrarily
chosen, we shall put for each feC(/) and k=l1,...,n:

Z
jkf(x) =ff(.’l?1,.. -12](-1 .. wxn)dak
Ck

and, more generally, J"=J7"...9;". Then J" is a right inverse of D", i.e. D" J'f=f,
for all feC(J).

2. Axiomatic introduction of distributions (?)

As each derivation operator Dj is not defined on the whole space C(I),
there arises the problem of enlarging this set, in order that the operators D,,...,D,
may be extended as mappings of the enlarged set into itself, according to some

(') The expression «ffs is an abbreviation of «if and only if».
(3 As we have said in the Introduction, we call here «distributions» the distribu-
tions of finite order according to Schwartz.
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natural conditions, which we are going to state precisely, under the form of
axioms. The new set will be denoted by C, (/) and its elements will be called
distributions on I. The set C, (I), provided with the nr basic operators D,,...,D,,
is just defined, up to an isomorphism, by the following system of axioms:

Axiom 1. If feC(l), then feCy,(I).

Axiom 2. To each feC, (1) and each k=1,...,n, there corresponds an element
Dif of Co (1) (the derivative of f with respect to xy), in such a way that: (1) if f is
a function having a derivative f;k, with respect to xy, tn the ordinary sense, and conti-
nuous on I, then Df coincides with fg'ck; (11) the operators D,,...,D, are mutually
interchangeable, that is: D;Dyf=DyD/f, for all jk=1,...n, and all feC,(I).

DeriniTioNn 1. If r is any system (ry,...,r,,) of » non negative integers,
then D'=Djr...D'n.

Axiom 3. For each feCy(I) there exists a system r of n integers >0 and
a function FeC(I) such that f=D"F.

Axiom 4. If r is a system of n integers rp,>=0 and F,Ge(C(I), then we
have D'F=D"G, if and only if F—G tis of the form F—G=0,+-...+89,,, where 0y, is
a polynomial in x of degree < r; whose coefficients are continuous functions on I,
independent of z; (k=1,...,n).

It can be proved that this system of axioms is both consistent and categorical.
The functions 6, considered in axiom 4 are of the form

Pt
Ok(2) = > @} ()
=0

where the coefficients a;, are continuous functions on [ independent of x;. -We
shall denote by P, the set of all functions 0 of the form 6=0,-+...46;, which
we shall call pseudo-polynomials of degree <<r. In turn, N7 is the set of all systems
of n non negative integers.

Let us consider two distributions f and g on . Then, according to axiom 3,
there exist F,GeC(Il) and r,seN}! such that

f=DF , g=D%.

Take peN" such that r<p and s<<p. Remembering that J™ is a right inverse
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of D™ and applying the condition (i) of axiom 2, we can represent f and g in
the form

f=DPF | g=DPG
where F=9P"F ,G=97"G. And so we have, according to axiom 4:
f=g iff Up_rF—jp_sGe'Dp .
On the other hand we shall write by definition:
f+g=DPGPTF+JP7)
af=D'(aF) , for all «eC .

By these two definitions the set C,(I) becomes a vector space (over €) and
Dy, for each k=1,...,n, a linear mapping of the space Cy(I) into itself.

Let now J be an interval contained in I. We shall call restriction of f to J
and denote by ¢,f, the distribution D"(¢;F), where P;F is the restriction of the
function F to J in the ordinary sense. It is readily seen that ¢y is a linear mapping
of Cyu(I) on to C,(J).

3. Locally summable functions and measures as distributions

For the sake of simplicity we shall confine ourselves to the case n=1,
since the extension to the general case offers no essential difficulty.

Let f be a locally summable function on an open interval 7 in R. A primitive
function of f is any function F of the form

X
F(x) =k—|—f fe)ds, | with arbitrary cel, keC.
¢

Then F is a continuous function such that F’'(x)=f(x) almost everywhere,
in the ordinary sernse. Denote by f the function such that: (i) the domain
of f is the set [ of all points z of I for which F'(x) exists in the ordinary sense;
(ii) f(x)=F'(z) for all zel. Then f is equivalent to f, that is f(x)=f(x) almost
everywhere in I, and we say that f is the standard function equivalent to f.
From now on, when we shall speak of locally summable functions, it will be
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understood that they are standard functions. The sum of two such functions
f, g is defined by the formula

(F+ o)) = — [ 10+ ete)]ez

&

and the product «f of any «€C by f 1s defined in the usual way. Then the set
of all (standard) locally summable functions on / becomes a vector space over €.
We shall denote by £(J) this space; it is easily seen that:

By assigning to each function fel(I) the distribution f*=DF, where F is
any primitive function of f, there is defined a one-to-one linear mapping of L(I)
into C,(I) such that, if f is continuous on I, then f=f*.

This proposition enables us to identify every function feL(I) with the
distribution DF, where F is a primitive a f.

Let now . be a measure on I, i. e. a complex valued s-additive function
defined (for example) on the family of all bounded intervals J such that J<I.
A primitive function of p is any function F of the form

k4+lcex], if x>=¢ _
F(z) :{ _ with arbitrary cel, keC.
k—=Jex[, if z<ec

A necessary and sufficient condition for a function F on I to be the primi-
tive of a measure is that F be a function of (locally) bounded variation and
continuous on the right at every point x of /. In particular, ¥ may be abso-
lutely continuous, i. e. the primitive of some locally summable function f; then
the measure u is identified whith the function f, so that u(J)=f(J)={ JTE)dE for

every bounded interval J such that J<I.
We shall denote by M(I) the vector space of all measures on . It is easily
seen that:

By assigning to each n.e M(I) the distribution f:Dﬁ, where F is any primi-
tive of u (and F the standard function equivalent to F ), there is defined a one-to-one
linear mapping of M(I) into C, (1), such that, if w is a locally summable function,
then p=f.

This proposition enables us to identify every measure p on I with the

distribution Dﬁ, where F a standardized primitive of f.
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4. Multiplication and change of variable

We shall confine ourselves to the case n=1.

Let I be an interval in R. For each peN,, we denote by CP(I) the space
of all distributions f of the form f=DFPF, with FeC(I). The following theorem
can be proved:

For every peN, it ts possible, in one single way, to assign to each couple (f, g)
where feCP(I) and geCyll), a distribution fgeCpl) independent of p and
satisfying the following conditions:

(1) if geC(]), then fg is the product of the functions f,g in the ordinary sense;
(i) if feCl™(I) and geCylI), then D(fg)=f.-Dg+Dfg.

By these conditions, if fe CP(I) and g=DPG, with GeC(l), the distribution fg
is uniquely defined by the formula

P
_ _ P —ky ok
m—ﬂwc—gy—ﬂ%@>DP«“®.

Then it is natural to call fg the product of f by g.
Besides, it is proved that, by this definition, Cp(1) becomes a module over
the complex algebra CP(I). In particular, observing that

CaD=JC,(D) , C=()=1CpD)
P=0 p=0

the space Cy, (1) becomes a module over C*(1).

The preceding theorem can be extended, replacing C,(I) by the space
‘mp(l) of all distributions f of the form f=DPF, where FeM(l), and the condition
(1) by the following one:

(") If geM(), then fg is the product of f by the measure g according to the
usual definition.

Let now consider another interval I* in R. The following theorem can
be proved. For every peN, it is possible, in one single way, to assign to each couple
(f,8), where feC,(I) and g is a C' mapping of I* into I such that 1/g'e CP(I*),
a distribution fog, not depending on p and satisfying the following conditions:

(i) if feC(), then (fog)(x)={(g(x)) .

(il) if feCy({) and 1/g' e CPYYI*), then

D(fog) =g'(Df-g)
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By these conditions, if 1/g'e CP(I*) and f=DPF, with FeC(l), the distri-
bution fog is uniquely defined by

1 p
o= (D) (Pep
g

Moreover it can be proved that:
If t/g'eCP(I*), g defines a linear mapping f—fog of Cp(d) into Ch(1*).
If in addition h s a C' mapping of an interval I** into I* such that
1/h' e CP(I**), then

(feg)oh=1fo(goh).

§ 2. LIMITS AND INTEGRALS OF DISTRIBUTIONS OF ONE VARIABLE

5. Limit of a distribution as z— -

Let I be an open interval unbounded on the right, i. e. of the form
I=la,+owo[, with aeR or a=—o. The two following definitions are well
known in classical analysis:

5.1. DeriniTions. Let f and ¢ be two functions on /. The function f
is said to be of order less than ¢, iff there exist a real z, and a function f,
such that

f=of, for x>z, , fy(r)—>0 as z— +oo .

On the other hand, f is said to be at most of the order of ¢, as x— -+ 0,
iff there exist a real x, and a function f, bounded for z>z, such that f=of,.
In the first case we shall write
feo(p) as z— -+ (or on the right)
and in the second case

feO(p) as z— +o0  (or on the right).

These notations replace the classical ones f=o(¢) and f=0(¢), which are
not logically correct and may produce some confusion in functional analysis.
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Observe that

5.2 If there exists x, such that ¢(x)5#0 for x>z, then
f(z)
¢()
ftz)

Plx

-0 as x—> -+

feo(e) as x—+w <

feO(e) as z—>+o0 <= is bounded on the right .

In order to extend the symbol O to distributions, we shall consider at
first the case when o=2% with «> —1 (for simplicity the sign ~, of dummy cariable,
x

will be omitted). Let J be the integration operator defined by Jf(z) = f f&)dg
'

with ¢ in 1.

5.3. Lemma. If o is a real number >—1 and f a continuous function
such that feo(z*) as z—>+ o, then

Ifeo@*) as 22— 4 o0.

Proof. Suppose feo(z”) as z—>-+oo. This means that there exist z, and f,
such that f=a%f, for x>z, and f,—~0 as z— +oo. Let ¢ be an arbitrary positive
number; then there exists z, such that |f,(z)|<e for z>x,. We may assume
of course z,>z,>0. Now, for every zel:

(@) =k + f £, E)dE , where k— ff(&)da

Since |f,(§)]|<<e and £>0 for £>x, we have

|k| (x___x1)oc+1
== xoc+1 (a_*_i)xocﬂ

If(x)

E xOH-l

, for z>=zx,,

and therefore, remembering that «>—1 :

Jf(x)

xoc+1

€

PER

lim

>+ o
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As ¢ is arbitrary, this implies that Jf(z)/z*"—0 as z— 40, i. e. Jfe o(z*)
as z—>+4o0.

5.4. Remark. Tbis lemma extends obviously to locally summable
functions and even to measures.
The lemma suggests the following:

5.5. DeriniTION. Let « be a real number >—1 and f a distribution
on I. We write: feo(z*) as z—>-+o0, iff there exist an integer p>>0 and a continuous
function F on I, such that

f=DPF and F@ o as x—> 400,

oc+p

5.6. ReMark. The lemma implies that, if there exist peN, and Fe((I)
satisfying the preceding conditions, then every integer m>=p and every function G
such that G=J""PF-+P, where Pe],,, satisfy the same conditions (observe that
it Pep,,, then P(z)/z"""—>0 as z— o).

5.7. LiNeariTY ProperTY. If feo(z¥) and geo(z™) as z— -+ oo, with
a>—1, then

A+pgeo(z*) as z—>+oo  for all A,ueC.

For the proof, it is sufficient to represent f,g as derivatives of the same
order of continuous functions, taking 5.6 into account.

In particular, « may be equal to 0. Then 2°=1 and, if feo(1) as z— 4 0,
it is natural to say that f—0 as z—~-+o0. More generally, let A be any complex
number and feC,(I); then:

5.8 DeriNiTiION. We say that f converges to » as x—--o0, iff f—reo(1)
as x—>-+o0. A distribution f is said to be convergent as z—-}-o0, iff there exists
2eC such that f—2xA as z— 4 0.

Taking the definition 5.5 into account and observing that A=DP(3P/p!)
for every peN,, we can define directly the preceding concept as follows:

5.9. DeriNiTioN. We say that f~A as x— oo, iff there exist pe N, and
FeC(l) such that

F(x)
zP pl

f=DPF and as £— + oo (in the ordinary sense).
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Remark. Instead of «f tends to A as z—-co», we shall write sometimes
«flxy—>n as z—-+oo». But it should be remembered that in these cases «» is a
dummy variable.

510. If f—>\ as z—>+o and f—>p as x—>-+c0, then A=p.

In fact, if f—A—0 and f—p—0 as z—+-+oo0, then, by 5.7, (F—A)—(F—p)=
=p—r—>0 as z—+c0. But, for every integer p>0 and every continuous function ¥
such that u—A=DPF, we have necessarily F=(u—2A)z?/p!+P, where P is a
polynomial of degree <<p. Hence, according to def. 5.9, u—i cannot tend to 0,

unless p=»x.
This legitimates the definition complementary to 5.8:

5.11. DeriniTiOoN. We say that A 1s the limit of f as z—-+o0, iff f—2
as x—>-+o. In this case, we shall write A= liIJIrl f(z) or A=f(+ ) .
T—> w0

The uniqueness of the limit is guaranteed just by 5.10. Besides, from 5.7
follows:

5.12. LiNeariTY PropERTY. [If [ and g are convergent as x—-oo, then

lm (af +8g)=a lim f4B lim g , wafeC

r—> 4o —> 4 X—=»—+o0

In turn, from 5.3 and the preceding definitions, it follows:

5.13. If f is a continuous function such that lim f(x)=»x in the ordinary
Tt
sense, then the same fact holds in the distributional sense, i. e. in the sense of defi-

nitions b.4 and 5.8.

Observe that, according to 5.4, this theorem extends to locally summable
functions (and even to measures). However, it must be observed that the converse
of this theorem is not true:

5.14. ExampLE. As is well known, the function cosz is not convergent,
in the ordinary sense, as z—-4o0. But we have

lim cos x=0, in the distributional sense
2>+ o

To see that, it is enough to apply def. 5.4, observing that cosx=D sinz
sinz

and

-0 as z— + .

5.15. GENErAL ReEmaArk. All preceding definitions may be extended and
all propositions remain true, if we replace throughout +co by —oo and «on the right»
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by «on the leftr. In particular, we must then consider an interval I unbounded on
the left, I=]—o0, a[, instead of an interval unbounded on the right.

5.16. DeriniTioN. We say that f tends to A as z—c and we write
lim flx)=2x, iff lim fx) = lim flz)=2x.
r—>w Z >+ © T—>—o0
For example, it is easily seen that (cf. 5.14):
lim sinz=0 (in the distributional sense) .

Xr—> 0

6. Limit and value of a distribution at a point of R

Let now I be any open interval |a,b[, bounded on the left, i. e. with
acR (but beR or b=-). Then, definitions 5.1 are readily extended to this
case, replacing throughout «z—>+o0» by «x—a™» and «on the right» by «on the lefts.

x

Besides, if we put Jf(z) =ff(£)d£, we prove, as we did for 6.1.3 (the proof is
a

even simpler):

6.1. Lemma. If f ts a continuous function on I, such that fe O((x—a)B)
as x—a*, where B is a real number >—1, then

Ife O((x—a)BJ’n) as x—>a* , for n=0,1,...
This lemma justifies the following:

6.2. DerinitioN. If feC,(l) and B>—1, we write feo(xg) as z—>a*,
iff there exist peN, and Fe(C(I) such that f= DPF and F(x)/(x——a)pﬂ’—>0

as z—>at.

6.3 ReMARK. The lemma implies that, if there exist p and F satisfying
these conditions, then every integer m>=p, along with the function J™PF, satisfies
the same conditions (but it must be observed that for each integer m>p, there
is no function different from J™PF satisfying the same conditions).

Now we are able to extend definitions 5.8 and 5.11, as well as proposi-
tions 5.7, 5.10, 5.12 and 5.13, replacing 4o by ™. In particular, the conver-
gence as 2—>a* can be defined directly as follows:
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6.4. DErFINITION. A distribution f on I=]a,b[ tends to A as z—a®, iff
there exist peN, and Fe(C(I), such that

f=DPF and Fl) ., A as x—a* (in the ordinary sense) .
(x—a)P p!

Besides, the concepts of convergence corresponding to the cases z—-oo
and z->a* are related to each other according to the following rule:

6.5. Suppose I=]a,+oo[ and feCy(I). Then, if g(t)=f(a+1/t), we have:

lim g(t)=n <= lim f(x).

{—+o0 z—a*

Proof. We can obviously reduce to the case a=0 and A=0. Suppose
f(x)—0 as x—0%. Then, there exist peN, and FeC([) such that f=DPF and
F(x)/xP—0 as z->a®. Moreover (cf. 4) we have g(t) = (—12D,)P F(1[t) and it is
easily shown by induction on p that there exist p+1 numbers a; (whose expres-
sions are not needed here) such that

o wSafre()]

p
k=0

Now, since F(z)/zP tends to 0 as z—0",tPF(1/t) tends to 0 as t+>-+oco. Hence

A O
t—>+ 0 tk

0, for k=0,...,p,

which according to def. 5.9, means that all terms in the right side of 6.6 tend
to 0 as t— +oo. Therefore, according to the linearity property, g(¢) tends to 0
as t—>o0. In a similar way, we prove that, if g(t)—=0 as t— +4- o then f(z)—0
as z—0%. We can obviously define the meaning of

flx)— A as x—b",
as we did for the case z—>a™ considering now an interval ]a, b[ bounded on the right.

It is readily seen that all preceding propositions and remarks can be extended
to this case.
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Let I be now any open interval in R, /=]a, 5[, and let ¢ be any point
of I, that is a<<c<<b. Then, if feC,([), we define the meanings of

«f(x)—>nr as z—>cH  and  «f(x)—=>r as z—>c»

by considering, instead of f, its restrictions to the intervals ]a,c[ and Jc,b[.
As in classical analysis, we shall put

flct) = lim f(z) (right-hand limit of f at c)

x—+qt

fic™) = lim f(x) (left-hand limit of f at c)

r—>a~

whenever the limit in question exists.

6.7. DEerFiniTioN. We say that f fends to A as z—¢, iff f(x)—>n as z—>c*
and f(x)—>n as z—c¢. In this case we write A= limc f(x).
xr—>

According to the preceding definitions and remarks, we can also define
directly this concept:

6.8. DeriNiTiON. The distribution f tends to A as x—>c, iff there exist
an integer p>0 and a function F continuous at every point x of I distinct from c,
such that
F(x) A

f=DPF and lim = in the ordinary sense .
zse (x—c)f p!

REMARK. Suppose that [ is, more generally, any (non-degenerate) interval /
in R and ¢ is an inner point or an extremity of J. Then definition 6.8 applies,
even if is ¢ an extremity of the domain I of f; for example, if ¢ is the left extre-
mity of I, we have by definition :lcl_>mc f(x) =;i_r)ré+f(x).

With the general hypothesis considered above, we have:

6.9. DeriNiTiON. A distribution f on I is said to be continuous at the
point ¢, iff there exist peN, and FeC(I) such that f=DPF and F(z)/(z—c)? is
convergent in ordinary sense as z—>c¢. Then we write

z->C r—>C (x__c)P

and the number f(c) is said to be the value of the distribution f at the point ¢
(or for z=c).
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ExampLEs — I. Consider f(xr)=cos 1/x. Then f is a locally summable
function on R and, since

co8 L = 22 sin 1 —D(:c2 sin —1—> , lim (x . sini>= 0

x x T 20 x

it is easily seen that fis continuous at the point 0 with the value 0 (in the distribu-
tional sense, not in the ordinary sense!). Observe that the right member has the
value O even in the ordinary sense after the functions have been standardized.

II. It can be seen, as an exercise, that lirr%) 30=0 and yet 3® is not
T

continuous at 0 for any £=0,1,...

III. It can be proved, as an exercise, that: If f is a distribution on an
interval I minus a point ¢ of R belonging to I, and if f is convergent as x—>c, then there
exists one, and only one distribution f on I plus ¢, which is continuous at ¢ and such
that f=f on I.

ReMark. The previous concepts of limit and value of a distribution at
a point of R have been introduced by Lojasiewicz [b]. As for the concepts of
limit as z—>-4o or as z—>—oo, the definitions given by Mikusinski and
Sikorski [6] seem to be too restrictive, as they are not invariant for very simple
substitutions, such as =1/t and do not allow to justify certain integral formulas
occuring in applications. The definitions that we are using here do not present
these disadvantages.

7. Primitives and integrals of distributions

If f is a distribution with domain in R, we call primitive of f any distri-
bution ¢ such that Do=f. According to this definition:

7.1. THEOREM. Every distribution f on an interval I has infinitely many
primitives and any two primitives of f differ by a constant.

Let f be a distribution on I. Then f is of the form f=D"F, with Fe((I),
and every distribution ¢ of the form ¢=D"JF-+k, where J is an integration
operator and keC, is obviously a primitive of f. Suppose now Do,=D¢,=F;
then, if ¢,=D"®, and ¢,—D"®,, with @,,®,eC(I), we have D""'®,=D""®,,
which implies, according to axiom 4 (cf. 2), that ®,—®, is a polynomial P
of degree <n-+1. Thus ¢,—¢,=D"P = const.
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From here and 6.9 it follows immediately:

7.2. ComoOLLARY. If there exists a primitive of  which is continuous at
a point a, then every primitive of f is continuous at a, and, for every complex number k,
there exists one, and only one, primitive ¢ of f such that o(a)=*k.

It will be natural to denote by the symbol.

~

ff(i)di or shortly by ff

the primitive of f assuming the value 0 at a. (Remember that the sign ", indicat-
ing that = is a dummy variable, may be omitted, whenever no confusion is
possible). Thus, according to 7.2, if there exists at least one primitive of f which
is continuous at the point a, the differential equation Do=f will have one single
solution satisfying the initial condition o(a)=k; and such a solution is

o) =k + f flE)dE .

As we observed, it is understood that here z is only a dummy variable: the
distribution ¢ need not actually have any wvalue ¢(x) at every point z of I.
But, obviously, if ¢ has a value at some point b of I, this value will be given by
the formula

b
o) =k + f fE)dE .

b b
Thus the integral ff(i)d& (in short ff ) is defined by the generalized
a a

Barrow’s ForMuULA:
b

f ) = o(b) —g(a)

a

The corollary 7.2 can be extended as follows:

7.3. CoROLLARY. If there exists a primitive of f having a limit as z—>a™
[resp. as z—a7], then, for every complex number k, there exists one, and only one,
primitive ¢ of f such that ¢(at)=Fk [resp. ¢(a”)=k].
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Remember that the existence of both ¢(a*) and ¢(¢”) does not imply the
existence of ¢(a).
All preceding remarks and conventions may now be extended analogously

X x
to new cases. For example, we shall denote by | f(€)d¢ (in short ff) the
_ o

a
primitive of f on I which tends to zero as x—a™; accordingly, if such a limit

exists, the differential equation Dg=f along with the initial condition ¢(a7)=Fk
will have the only solution.

ol@) =k + f fE)dE .

So we shall have by definition:
b= b
| forts —ott)—sta) , | fledde = o) —eta)

If a<b, these are, respectively, the integrals of the distribution on the
intervals [a,b] and [a,b]. The integrals of f on ]a,b] and ]a,b| are analogously
defined. Naturally, such an integral is said to exist or to be convergent iff the
two corresponding limits exist. If b<<a, we have of course

bt a” bt at
ff:_ff ) ffz—ff ) etc.
a- bt at b+
Finally all preceding definitions may be extended to infinite intervals.
For example, we have by definition:

f f(@)de = o(-+o0)—o(a) ,

+ 00

if ¢ 1s a primitive of f such that the limits on the right side exist; and f f(z)dx

a
1s called the integral of f on the interval [a,+oo[. For other kinds of infinite inter-
vals such as |—oo, al , ]—oo,—I—oo[, etc. the definitions are quite analogous.
In general case, a distribution f is said to be integrable on an interval I,

iff the integral of f on I exists. This integral may be denoted by ff(x)dx or
1

simply by ff .
I
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From the linearity property of limits it follows immediately the corres-
ponding property for integrals:

7.4, LINEARITY PropERTY. If two distributions f and g are integrable
on I, so is af+Bg, for any «,peC and

If(af+ﬂg)=arff+ﬁrfg-

On the other hand, it should be ohserved that:
7.5. If f is a function summable on I, then the integral of f on I, in the
distributional sense, exists and equals the Lebesgue tntegral on I. More generally, if

is a locally summable function on I, such that f f is convergent in the classical sense
1

(even simply convergent), then f f exists with the same value, tn distributional sense.
I
However, the converse of this proposition is not true, as we shall presently
see. Consider the integral feiwtdt, where o is a real parameter. This integral
R

1s obviously divergent, in classical sense, for every value of . However, for
o #0, one primitive of el is ¢'@![iey and

— = — D;et , lim
1o (tw) oo

=0.

Hence, we have in the distributional sense, for every w+#0:

+ oo

. 1 _ : L
fe““tdt = < lim et — lim e“”‘) =0.
[20)) t—>+4co l—»>—00
-

For w=0 this integral is divergent, even in the distributional sense.
These results agree with the intuition of physicists, which have, since long,
adopted the formula

7.6. f giot dt = 2nd(w) .
R

However, a complete justification of this formula cannot be achieved,
without a suitable definition of parametric integral, which will be given in §3.
Let us now prove the following proposition:
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7.7. Every distribution with a bounded carrier on R is integrable on R.

Proof. Let f be a distribution of bounded carrier on R. This means that
there exists a bounded interval I=[a,b] such that f=0 outside I. Hence, if ¢ is
a primitive of f, Do=0 outside I and ¢ reduces to constants ¢, and c,, respectively
on |—o,a[ and on }b,+oo[. Thus

¢p(—o0)=9(a7)=¢c,  and @(b¥)=g¢(4-w)=c,.
bt

Hence f 1s integrable on R andffz [f: [f: C—Cy
R I o

8. Orders of growth for distributions

For brevity, we shall confine ourselves to the typical case when z—4c0,
since the considerations in the other cases are analogous. Let I be any interval

T
unbounded on the right and Jf(x) :ff with cel, for fe C(I). The extension of
c

the «O» symbol to distributions is based on the following lemma, whose proof
is similar to the one of 5.3, and even more simple:

8.4. Lemma. Iffis a continuous function on I such that fe O(z*) as z—>4o0
with a>—1, then Jfe O(x**!) as x—+o0.

8.2. DEeriniTION. If feCh(/) and a>—1, then we write fe O(z%) as x—>+c0,
iff there exist zeN, and FeC(]) such that: f=D"F and F(z)/z*™" is bounded on
the right.

The lemma guarantees the linearity property for this case. In particular:

8.3. DeriNiTION. A distribution f on [ is said to be bounded on the right,
iff feO(1) as z—}-oo, that is, iff there exist neN, and Fe(I) such that f=D"F
and F(x)/z" is bounded on the the right.

Now we are able to define the meaning of expressions such that «feo(e)
and «feO(p)» in the more general case when feCy,(/) and ¢eC”(I). For that
purpose, we can take as a model the classical definitions 5.1:

8.4. DEriniTIONS. We shall write feo(e) as £ — oo, iff there exist a real
z, and a distribution f, such that: f=o¢f, for z>2, and f—~0 as z— 0.
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We shall write fe O(p) as x— oo, iff there exist a real z, and a distribu-
tion f, such that: f=¢f, for x>z, and f, is bounded on the right.

The first thing to do is to see whether these definitions are equivalent to
the previous ones, in the particular case when ¢ is of the form z* with a> —1.
This is easily proved, by means of the formulas

n

7. D"F,—= Z (—1)k <Z> DKF, . Dka™
k=0

n

6= > () (DH0G)

k=0

taking into account the linearity property.

On the other hand, this same property can be now immediately extended
to the general case. Moreover definitions 8.4 introduce a remarkable new
property, which is a counterpart of the preceding lemmas:

8.5. DIFFERENCGIATION PropERTY. If feO(2%) on the right,then Dfc O(z*™)
on the right, for every acR .
We shall begin the proof in the case a=0:

8.6. If f is bounded on the right, then Dfc O(x™") as x— + 0.

Suppose f bounded on the right. Then there exist peN,, FeC(I) and ¢
such that f=DPF for z>>c¢ and F(z)/«? is bounded on the right. We may choose
¢>0; then we have Df=a""(x. DP™' F) = a27'[DP*!(xF)— DPF] for z>c and it is
readily seen that DP*}(zF) is bounded on the right, as well as DPF. Hence
DfeO(r™) as z— 4 0.

Suppose now feO(z*) as z—-oo, where «cR. Then there exist z, and
f, such that f=2z%, for x>z, and f,€0(1) on the right. It follows that
Df=aa*'.fy-+2*.Df,, and it is readily seen, applying 8.6, that DfeO(z*?)
as x—+4o0.

By an identical argument it is shown that the differenciation property
extends to the «o» symbol.

Furthermore it is a simple matter to prove the following properties, where
the expression «on the right» or «as z— +oco» is omitted for simplicity:

8.7. If f is convergent, then f is bounded.

8.8. If feo(p) then feO(y).
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8.9. If feO(™) and a< B, then feo(xP).

Obviously, we have chosen the case when x— +co as a model; concepts
and properties are quite analogous in cases when x——o0, x—c*, etec.

8.10. ConventioN. If a distribution f has the same growth property as
z—>-+o00 and as x——oo, we shall say simply that f has this property as x—co. Ifa
a distribution f on an interval I is bounded both on the right and on the left
(i. e. as = tends to the right extremity and to the left extremity), we shall say
that f is bounded on I or simply bounded.

REmaRrRk. The concept of bounded distribution that we have just intro-
duced is more general than the concept of bounded distribution according to
Schwartz, and it is necessary for the integral theory, as we shall next see.

9. Convergence tests for integrals

Let us consider, at first, the case of integrals on R. We have then the
following test, which is not true in classical analysis:

9.1. (A Necessary ConpitioN For CoONVERGENCE). If a distribution f
is integrable on R, then feO(z™!) as z2— 0.

Proof. Suppose that there exists a primitive ¢ of f such that ¢ is conver-
gent as z— +oo0 and as z— —oo (*). Then, by 8.7, ¢ is bounded on R and, by 8.5
(and its analogue for the case x—>—o0), we have oeO(z™) as z— 0.

On the other hand, the following theorem extends to distributions a well
known classical test:

9.2 (A SurriciENT ConNDITION For CONVERGENCE). If there exists a
number a<<—1 such that fc O(z*) as x—oo, then f is integrable on R.

Proof. Suppose feO(z%) as x>0, with a<.—1. Then there exist a number
¢>0, an integer n>0 and a continuous function ¥, such that

f=2a"D"F for |z|>c , with £(z) bounded for |z|>¢

xn

('} This does not mean that f is convergent as #—-c0, for the limits are in general
different.
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Set

F(z) , for |z|>c¢

F1(x)={ , f1:annF1 , =11

0 , for |z|<c¢
Then f, 18 a distribution with support contained in [—¢,¢], hence inte-
grable on R. So we have only to prove that f; is integrable on R, for then we

have ff:ff, + ffz We shall put for simplicity f, =f and F,=F. Then
R

n

f=a*D"F = z (—1)Yke, D™ (2™ F)

k=0

where ck:oc(oc—l)...(oc—k—l—i)<z>. From here we deduce the following primi-
tive of f:

9.3. o= Z( 1)ke, D™ (K By 4 (—1) f £ R (E)
k=0

But, since FeO(z") as z— o0, in the ordinary sense, we have £ FcO(&%)
as x—o0, with a<<—1, and, according to the classical test, this implies that
the function £ "F is summable on R. Hence the last term in 9.3 is convergent
as x->-4o and as z—>—c0.

As to the other terms, observe that the functions

wkp F
an__]ffizxmﬂ%x) for £k=0,...,n—1

tend to 0 as z—oo, since a+1<0 and F(x)/z" is bounded (in the ordinary
sense). Hence, by def. 5.9,

Dkt (x“—kF )—>0 as z—cw

so that

+ oo —00

o(+o0) = (—1)", f Ryl g(—o) =(—1)"c, f " F(@)da

0 0
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Therefore f is integrable on R and

ff:fx“DnF:(—-i)an(x) "ZZ’: dz .
R

R R

We can deduce similar tests for integrals on intervals distinct from R. For
example, consider an interval I=]a,4oo[ and feCw(l). Then it is easily
seen that:
If f is integrable on I, then fe O(x™") as z— +-c0 and f€ O((x—a)_’) as z—>at.
If there exist o << —1 and B> —1 such that feO@*) as z— +oo and
fe O((x—a)ﬂ) as x—a*+, then f is integrable on I.

10. Multiplication and change of variable in connection with limits and

integrals

It is a simple matter to prove the following propositions:

10.4. If a distribution f on an interval I is convergent as x tends to ¢+ with
cel, and if geC”(I), then fg is convergent as x—>c+ and

lim (fg)=(lim f)( lim g) .

r—ct z—ct z—ct

10.2. If a distribution f on an interval I is convergent as x— ¢t with ce I,
and if ¢ is an increasing C* mapping of an interval I* into I, then f(o(t)) is
convergent as t—+y", with o(y) =c, and

lim f{e(t)) = lim f(x) .

t—>Y+ z—ct

Obviously, these two propositions can be extended to the case when f is
convergent as x—>c¢~. Then the second one enables the usual substitution
property to be extended to integrals of distributions on bounded intervals.
For example, assuming that feCw (), @,b€l and ¢ is an increasing C* mapping of
I* into I such that a =¢(«), b =¢(B), we have

b~ g~
f fa)da = f folt))e' (0)dt

whenever the first integral exist.
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However these criteria are not sufficient in certain cases which occur in
practice. Our next purpose 1s to introduce a stronger criterion than 10.2.
For simplicity, we shall reduce our discussion to the case when z— o0 and
@(-+400) =400, which can be taken as a model for other cases:

10.3. THEOREM. Let f be a distribution on an interval I unbounded on the
right and ¢ a C* mapping of an interval I* into I such that ¢'(t) #0 on I* and
o(t)—>-+o0 as t—>-+4oo. Suppose that:

(1) f is convergent as x— 0.
(i1) o' tends to a number ¢#0 as t—>+o00 (in the ordinary sense).
(iii) q;(k+‘)eo(t_k) as t——+ o (in the ordinary sense) for all k=1,2,...

Then we have

lim f(e(t)) = hm flx)

{—+4co X—>+-oC
Proof. Suppose f—2xA as z—-+co. Then there exist neN, and Fe(C({)

such that f=D"F and F(z)/z"—>A/n! as z—>+o. Now foo=[(1/¢")D,]"(Foop)
and, according to the hypothesis,

o(?)

lim 22 — lim ¢'(f)=c
t>+o0 1 T—>+co
Hence
10.4. Fle®) _ Fle) _<<p(t) >”__> A"
t" ()™ t 7!

On the other hand it is easily seen that

n

1 n
( p Dt> (F o<P)=ZD?‘k[“k(t)F(<p(t))]

k=0

where oy =(1/¢")" and ockeo(t“k) as t—-oo, for k=1,...,n. Thus all terms in
last sum tend to zero as z— oo, except D'[as(Fog)], which, according to 10.4
tends to A

This criterion and the corresponding ones for the cases when x——oo,
t——o0, etc. lead to the following substitution rule for integrals:
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10.5. CoroLLARY. Let f be a distribution integrable on R and ¢ a C”
mapping of R onto R such that:

(7)) ¢'() is #0 on R and tends to numbers #0 as t—>-co and as t—>—o0
(in the ordinary sense)

Gj) o*eo(t™) as t->oco (in the ordinary sense) for all k=12, ...
¢ Y

Then f(o(t)) is integrable on R and

[feda = [fiote) ')
R R

This rule is an immediate consequence of theorem 10.3 and its analogues,
applied to a primitive of f. Observe that in the case ¢'(f)<0:

f fla)ds = f flo(t))' (1)t = — f flo(®)e’ (1)t .

In particular, 10.5 applies in the elementary cases when z=1¢t+4a or z=—ct,
with aeR and ceC. Then we have

10.6 flx)dz = |c| | flcx)dx
Jroe=te]

10.7 [ fe+a)dz — ff(x)dx .
R R

The last formula can be expressed by saying that the integral is invariant
under translations.

More refined criteria can be obtained, by using the concept of measure,
as we did for multiplication:

Remember that, if p is a measure on an open interval I, the total variation
of p in a bounded interval J such that J<I is defined to be the supremum of
the sums Sp=3%P|u(J;)|, for all finite partitions P of J in intervals J,,...,Jp.
We shall denote by | w|(J) the total variation of w in J; as is well known, |u| is
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again a measure on R (the modulus of p) such that: (i) if weL(I), then |p|is the
modulus of the function p in the ordinary sense; (ii) |pup|=|¢||w| for all e C(I).
On the other hand, if u and v are two measures on I, we write p<lv, iff u(J)<<v(J)
for each bounded interval J such that J<J.

Suppose I unbounded on the rigth. A measure p on [ is said to be bounded
on the right, iff there exist two numbers z, and & such that |u|<k for z>z,,
i.e. |p|(J)<k]J| for all bounded intervals J<[z,,4-oc[. On the other hand, we say
that p converges to a number ¢ as x— oo, iff for every € > 0 there exists a real z,
such that |p—c|<<e for x <w,. It is readily seen that these concepts coincide
with the classical ones if w turns out to be a function. Besides, the preceding
lemmas for the «o» and «O» symbols keep true, if f is a measure.

These remarks suggest the following refinement of the concept of conver-
gence for distributions:

10.8. DeriniTiON. Let feCw(I), neN, and AcC. We write f7>A as
x—> oo, iff there exist a real z, and a measure F such that f= D"F for x>z,
and F(z)/z"—A/n! in the measure sense as & — 0.

On the other hand, if ¢ eC”([), we shall write feo,(p) as x— oo, iff there
exist z, and f, such that f=¢f, for x>z, and f, ;>0 as x— +o0.

The expression «fe O,(¢)» can be analogously defined and the «dual» concepts
of the preceding ones can be introduced as follows:

10.9. DeriniTioN. Let neN,, feC*(I) and aeC. We write f2> A as
z—> o0, iff f tends to A and f(k)eo(x"k) as x— oo, for k=1,...,n (in the ordinary
sense). We write feo™(p) as x— |0, iff there exist z, and f, such that f=of,
for x>z, and f,- %50 as z— 4 0.

That being so, it is readily seen that:

10.10. If f5>A as z—+4 o and glsp as z—>+ o then fg—>Ap
as r— -+ .

10.11.  If feo,(e) and geo™{) on the right, then fgeo,(od) on the right,
and analogously for the «O» symbols.

There are similar criteria, which extend theorem 10.3 and corollary 10.5,
for change of variable.
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§ 3. PARTIAL INTEGRALS AND MULTIPLE INTEGRALS

11. Partial limits for distributions of two wvariables

Let I and J be two intervals in R, and suppose that J is unbounded on
the right. Given two functions f(z,y) and g(x) respectively on I X J and I, f(z,y)
is said to converge uniformly on I to g(x) as y— oo, iff for every e>0 there exists
a neJ (independent of x), such that: |f(z,y)—g(z)|<e for all y>» and zel. On
the other hand, if « is any real, we write

f(z,y) € o(y™) uniformly on I as y— +o0,

iff f(z.y)/y*—0 uniformly on I as y— 4.
Put for every feC(IXJ):

x y
Taf(eg) = [ fEndE | o) = [ femdn
Zo Yo

where z, resp. y, i1s a fixed point, arbitrarily chosen in 7 resp. J. The following
lemma is easily proved (ef. 5.3):

11.1. LemMa. If a>—1 and f(z,y) € o(y*) uniformly on I as y—-}oo, then:
J.feoy”) and Jyfeoly™™) uniformly on I as y—>-+o.

This lemma leads to the following:

11.2. DeriNiTION. If feCw(IxJ) and a>—1, we write:
f(zy)eoy™) on I as y—+oo,
iff there exist m,neN, and FeC(IxJ) such that:
() flzy)=DrDLF@y) .
(2) F(z,y)e€o(y*™"™) uniformly on each compact interval I*<I as y—-+oo ()

Applying this definition and the lemma, the following properties are easily
shown (with «>-—1):

11.3.  If f(z,y) e o(y*) and g(zx,y) € o(y*) on I as y— oo, then, for all \,p.€C:
Mtupgeoy®) on I as y— 4

(') A more general condition might be considered instead of (2), but this definition is
quite sufficient for applications.
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11.4. If flxy)eoly®) on I as y— +oo, then
D, f(x,y)eo(y™) on I as y—>—+o.

11.5. If flz,y)eo(y®) on I as y— +oo and o(z) is multipliable by f(z.y),
then

@(x)f(x,y)eo(y“) , on I as y_'>‘|—00
Consider now geCw(l) and feCu(lx J); then:

11.6. DEriNiTION. We say that f(x,y) converges on I to g(x), if and only
if flx,y)—g(x)eo(l) on I as y——+x.

The uniqueness property as well as the linearity property of convergence
are in this case immediate consequences of 11.3. Then we can write

g(x) = lim f(x7y) or g(:c):f(x,—{—oo) on I,
y—>+0
to express that flz,y)—>g(x) on [ as y—+0.
On the other hand, the following important property, which does not hold
in classical analysis, is an immediate consequence of 11.4:

11.7. DiFrFeRENTIATION ProPERTY. If flz,y)—g(x) on I as y—-+4w,
then D, f(x,y)— D, g(x) on I as y— o0, that is:

D, lim f(z,y) = lim D, f(x,y) on I.

Yy—>+00 —>+00
y Y

In turn from 11.5 follows:

11.7" MvurrirLicaTiON PRrOPERTY. If f(2,y)—>g(x) on I as y—-+oo and ¢(x)
is multipliable by f(x,y), then

lim [p(x)f(z,y)]=e(z) lim flz,y) on I.

X—>+cc y-;-'.w

Moreover, applying 11.7 and the linearity property, it is easily shown:

11.8. SusstiTuTiON PROPERTY. If f(2,y)—>g(2) on I as y— -+, and if ¢
is a mapping of an interval I* into I, such that f(e(t),y) exists ('), then g(o(t)) exists
too and

fle(®,y)—~>sgle(®) on I* as y—>+ow.

(1} The change of variables for distributions of several variables is defined according
to criteria similar to those adopted for the case of one variable.
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This substitution rule concerns the parameter xz. Substitution rules concer-
ning the converging variable y can be easily found, as generalization of the criteria
given in 10.

The «O» symbol is extended to distributions f(x,y) on I X J, with respect
to ¥, in the following way:

11.9. Derinition, If a>—1, we write
fxy)e0@*) on I as y—+o
iff there exist m,neN, and FeC(Ix J) such that:
(i) flzy)=DF DyF(zy);

(1) for every compact interval I*cI, there exists a number M such that

F(z,y)
(1 _I_I y I)oc+n

More generally, if e C*®(J), we write

<M on I*xJ ().

f(zy)€O(9y)) on I as y—+oo,
iff there exist a real y, and a distribution f,(2,y) such that f(x,y) = o(x)fo(z,y)

for y >y, and fo(z,y)€0(1) on I as y— +c0.
Besides, by the linearity property it is easily shown:

11.10. DrirrErENTIATION PrOPERTIES. If o is any real and f(z,y)e O(y%)
on I as y— 40, then

D,flz,y)eO@”) and D,flz,y)eOy*™) on I as y—+co.

Obviously all preceding considerations extend to the case when J is an
interval unbounded on the right and y—-+o.

12. Partial integrals for distributions of two variables

Let I and J be any two intervals in R, and f(«x,y) a distribution on 7 X J.
A distribution o(z,y) such that Dyo(z,y)={(x,y) will be called a (partial) primitive

(') The choice of (1+]y|)*** instead of y%+” is only to make the quocient continuous
on I*¥ xJ.
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of f(z,y) with respect to y. On the other hand, a distribution u(x,y) on IxJ is
said to be independent of y, iff it reduces to a distribution g of the only variable z,
i. e, iff it is of the form u(z,y) = DJ'G(z) with meN,, GeC(I).

12.1. LemmMA. A distribution u on IXJ is independent of z, iff Dyu=0.

Proof. It is readily seen that, if u is independent of y, then Dyu=0.
Suppose now conversely that Dyu=0 and assume u=D7DyU, with m,neN,
and UeC(l). Then D, u—DmD”HU 0 and therefore (cf. 2, axiom 4) U must

be of the form U(x ,y) o— x‘a +Z bi , with a;€C(J) and b;eC(]).
Hence u(z,y) = D7'DyU(z,y) = n! Di'by() .
Now it is easily proved, as in the case of one variable:

12.2. TuroreEM. Every distribution fon I X J has infinitely many primitives
with respect to y and two such primitives differ by a distribution independent of x.

We are able to define, in a natural way, the concept of partial (or para-

metric) integral of a distribution f(z,y). It will be sufficient to consider inte-
grals on R. Let I be any interval in R and feCw (I XR); then:

12.3. DeriniTION. The integral ff(x,y)dy is said to be convergent on I,

iff there exists a primitive ¢ of f with respect to y which is convergent on I as
y— +oo. Then we write

ff(fv,y)dy= o(x, +0)—p(xr,—c0) on .

From 11.2 follows at once the uniqueness of the partial integral. From the
properties of partial limits we can deduce the linearity property for partial integrals
as well as the following properties:

12.4. DIFFERENCIATION PROPERTY. Ifff(x,y)dy s convergent on I, so

R
is [futoghdy and
R

D, f flg)dy = f Dfey)dy on I.
R R
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12.5 SvusstiTUTION PROPERTY. If ff(x,y)dy:g(x) on I and if ¢ is any

R
continuous mapping of an interval I* into I such that f(¢(2),y) exists, then
| femdy=glo) on I*.
R

As for substitutions concerning the integration variable y, the criteria
established in 10 can be easily extended to partial integrals. In particular, we
have for all AeR:

12.6. [ fle + 1y = | fegpay
R R

12.7. | ey =11 [ feaay
R R

Applying lemma 12.1, criterion 7.7 can be also extended to partial integrals:

12.8. TuroreM. If for any compact interval I*<1 there exists a compact

~

interval K such that f(x,y)=0 on I* X (R—K), then ’ flz,y)dy ts convergent on I.

R
Finally the following extensions of 9.1 and 9.2 are easily proved:

12.9. THEOREM. Ifff(x,y)dy is convergent on I, then feO(y™) on I as
R

y—>00. On the other hand, if there exists a<<—1 such that feO(y*) on I as y—oo,

then f flz,y)dy is convergent on I.
R

Remarks—I. If f(z,y) is a function, then for the convergence of f flx,y)dy
R

on I in distributional sense it is not sufficient (neither necessary) that the integral
be convergent for each xel. Obviously, a sufficient condition is that the integral
be uniformly convergent on each compact set contained in I. More generally, it
can be proved that, if f is summable on each set I*XR, where I* is a compact
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interval contained in 7, then f f(x,y)dy 1is convergent on [ in distributio-

R
nal sense.

II. The differentiation property can be associated with the linearity
property in a more general property. Let p(D) be a derivation polynomial,
that is an operator of the form p(D) =Z?aka, with a,,...,,€C. Then we have

p(D,) f flzy)dy = | p(Dy)f(xy)dy on I,
R R

whenever the first integral is convergent on 1.

ExampLE. The preceding remarks offer a simple justification of for-
mula 7.6. Observe that in the usual sense:

oLy
12.10. f——dy:ne"x' for each zeR .
1+y?
R

This can be easily found by the method of residues. Besides, as x,y are
real variables, we have |e¢™|=1 and

{ eixy

| 14y?

1
1+y2

for all z,yeR.

~

Thus the integral 12.10 is dominated, for all zeR, by the integral
f (1+y?)~'dy, which is obviously convergent. Hence, according to the Weierstrass

test, the first integral is uniformly convergent on R and therefore convergent on R
in distributional sense. Consequently

Y (1—D2) ey .
(1—D?c)f e dy:J‘—i_fT— dy———femydy, on R.
R R R
On the other hand, Die’'®!= — D, (¢1%sga) =18l —267121§(x), so that

(1—D2) e '®!=23(x). Hence from 12.10 follows:

12.11. fei”ydy=2n8(x) on R.
R
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13.  Multiple integrals (on R")

Let f be a distribution on R"™ and A any complex number. We say that
f(x) converges to A as z—+oo,, iff there exist reN? and FeC(R") such that
f=D"F and

— as Iy~ +00,...,%,—> 400,
AN rd...r,!

Then we write A= lim f(z) or A=f(-+}-c0,). The uniqueness of the limit, as
X—+0o0n
well as the linearity property can be proved by an argument similar to the one

used in the case r=1. The concept of convergence as x— — oo, is analogously
defined.
On the other hand, every distribution ¢ such that Do={f(where D=D,...D,)

will be called a i-primitioe of f. It is easily seen that:

13.4. Tueorem. Every feC,(R"™) has infinitely many I—primitives and

two such primitives differ necessarily by a distribution of the form Z’: u; where u;

is a distribution independent of x; (that is, of the form D'U, where U is a conti-
nuous function on R" independent of ;) -

So we shall write by definition

13.2. ff(i)dﬁ = A, 9(x)

where ¢ is any 1-primitive of f and Ay, is the mixed difference operator Agp,---Bpp -

From 13.1 follows that formula 13.2 defines actually a distribution ®(z,z’)
on R¥, independent of the choice of the primitive . To see this, it is sufficient
to observe that A, u.=0 for every distribution u; independent of j and

7 J
every h;eR.

13.3. DeriniTION. A distribution [ is said to be integrable on R", iff
xl
f f(E)dE is convergent as (z,&’')—>(—o0,,+ ©,). Then we write

x
27

13.4. f f@)de = lim | fE)dE .
Rn

X —>—oop,
XrT—>+wuy T
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For example, if n=2:

ff(x1ax2)dx1dxz = ¢(+00, +00) —¢(+00, —0) —(—00, -+ 00) +4-p(—00, —c0)
RZ

where ¢ is a 1-primitive of f with respect to z.

The integral of f on R" can be also denoted by ff or simply by ff. Uni-
Rn

queness and linearity properties are immediate consequences of the corres-
ponding properties for limits. In order to obtain further criteria, it is convenient
to introduce a suitable definition of a bounded distribution:

13.5. DeriNiTioN. A distribution f is said to be bounded on R", iff there
exist reN? and FeC(R") such that:

() f=D'F
(ii) for every regular matrix A of order n the function x,™...2,™nF(Ax)
is bounded on R”.

The linearity property of boundedness is easily proved.

13.6. DEeriNiTION. Given feCx(R") and oeC*(R"), we write feO(p)
as |z|—oo or simply feO(g), iff there exists a distribution f, bounded on R” and
a real ¢>0, such that f=¢f, for |z|>¢.

The following generalisation of 9.1 is easily obtained:

13.7. Turorem. If there exists a<<—n such that feO(|z[%), then [ is
integrable on R™.
On the other hand:

13.8. TuroreMm. Suppose feO(|z[*) with «<—n and let ¢ be a C¥
mapping of R" onto itself such that:

(1) the Jacobian mairiz [D;e;] of ¢ is regular on R” and converges to a
regular matriz as |t|—;

(i) D'Dypjeo(l) for all reNy, r+#0,1,j=1,...,n; (")
then the classical substitution rule applies:

i fla)dz = i f(cp(t»].r <‘f) @

() As far as functions are concerned it is understood that the stated conditions are
to be taken in ordinary sense.
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We are going to outline the proof only in the case when ¢ 1s a non degenerate
affine mapping, that is a mapping of the form ¢(t) = ¢4 Mt, where ¢ is any vector
in R” and M is a regular matrix of order n. This case may be taken as a model
for the general case, since ¢ behaves assimptotically just as an affine mapping,
according to (i).

Put k(z) = (1+22 4 ...22)" and suppose feO(|z[*), with a<<—n. Then it
is readily seen that fe o(h*), 1. e. there exist re N? and FeC, such that f=1*. D'F,
with 277...2,"F(Az) bounded on R” for every regular matrix A of order rn. In
such conditions it is easily found:

f fz)d 1)l { K(x)F(x)dx, where |r|j=r+...+r,

Now

f K (z)F(x)dz = | K (o(8)) F(e(t)) |det M |di
and it can be seen, without difficulty, that the last integral is just equal to

—1)llrllf f(R(t)) |det M |dt .

14. Partial and multiple integrals

Let us consider a distribution f(z,y) on R™" with zeR™ and

yeR"™ (m,n=1,2,...). The concept of partial integral ff(x,y)dy can be easily
Rn

defined as a generalization of preceding concepts of partial integral and multiple

integral, with similar properties. But there is also a new property:

14.1. Tureorem. If f(z,y) is integrable on R™™" and if, in addition, the
integral f f(z,y)dy is convergent on R™, then
Rﬂ

| fagizay— [ [ f(x,y)dy]dx .
"

Rm+n Rm
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This is a consequence of a property for limits that we can state as follows:

14.2. TueorEMm. If f(z,y) is convergent as (z,y)—(+0,,,+,) and if in
addition f(x,y) ts convergeni on R™ as y— 4o, , then

lim flzy)= lim [ lim flz,y)].
Z—>+ooy, T—>+mw, yY—>+oy,
Y—>+ oy,
It 1s sufficient to prove this rule in the case m =n =1. Suppose that the
hypothesis holds. Then there exist four integers p,g,r,s, two functions F,,F,e C(R?),
a function GeC(R) and a number A, such that f =D§§D§F, =D;D;F2 and

F(z,y) A
—_—
2Pyl plg!

(1) , as (z,y)—> (4 o, +0)

. Fyzy)  Gla)
(1) S —
Y s!

, uniformly oneach compact setin R as y— 40

We can assume p=r,q=s. Take €>0. Then according to (i) there exist
a,b>0 such that

| Foy(z)y) . A

14.3. Py igl

<e , for x>a,y>b.

Take now p arbitrary points z;>a, g arbitrary points y;>b and consider
two pseudo-polynomials P,(z,y), Py(x,y) of degree (p,q) sucht hat F,—P, and
F,— P, vanish on the lines r=1;,y=Yyy. Then, if we put Fo=F,—P,, we have
again F,=F,—P, so that f=DJDJF,. Now, taking 14.3 into account and
remembering that the coefficients of the pseudo-polynomials P,,P, are obtained
as linear combinations, respectively, of the values of F,(x,y) and F,(z,y) on
the lines z=x;,y=yy, it is easily seen that (i) and (ii) are again satisfied, replacing
F, and F, by F, and G by G*=G-+P, where P is a polynomial in z of
degree <p. Hence from 14.3 follows, with F, in the place of F, and taking the
limit as y—+o0:

G*(x) A .
—e <qle, for z>a.
x p!

The number ¢ being arbitrary, this implies that G*(x)/zf—2A/p! as

x-> 4 00, which means that A= lim lim f{z,y) .
X >+ y—)-l-co
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More generally:

14.4. If f(z,y,2) is a distribution on R™™*P with xeR™, yeR", zeRP,

such that f f(x,y,2)dydz is convergent on R™ and f flz,y,2)dz is convergent on

f flz,y,z)dy dz = f [ff(x,y,z)dz]dy.

R"+P R" R?

R+
R™ . then

§ 4. CONVOLUTION

15. Convolution of two distributions on R

Consider two distributions f= D™F and g = D"G, where F,GeC(R). Then
we have
flw—t) = DPF(z—t) = (— 1) D F(z—1) |

so that, for every k=0,1,...,
Difw—1)=(—1)"Dkf(z—1)

This suggests to write by definition
n
flz—1g0) = fle—) D60 Z( )orHG0 Do)
with G(t)DEf(z—1) = DM F(z—1)G(1)], that is

15.1. flx—1)g(t) = z <Z>Dg"+kD?'k[F(x—t)G(t)] i

It is easily seen that the «product» f(x—t)g(t) does not depend on the
representation of the distributions f and g. This can be proved as in the simpler
case of the product of a C” function ¢ by a distribution g of the form g= D"G
with GeC(R). The analogy between these two situations come from the well-
-known proposition (which is not needed for the present developments):

The mapping t—flx—t) of R into the topological linear space Co(R) ts
infinitely differentiable.



366 J. SEBASTIAO E SILVA

Consider now the expression f(z—t)g(t—y). We have two possible inter-
pretations:

flx—t)g(t—y) = z <Z>DZ”"D?"‘[F (x—t)G(t—y)]
k=0

15.2.

m

fla—tgt—yp = > () (=D D DR Flo—0G(t—y)].
\ k

k=0

Now:
15.3.  The right members of the formulas 15.2 represent the same distribution.

A direct proof of this proposition does not seem to be easy. On the contrary,
a very simple proof can be found, remembering that the functions /' and G can
be aproached by two sequences (F,) and (G,) of C* functions, converging uniformly
on each compact interval, so that D™F,—f and D"G,—g as v— oo, in the distri-

butional sense ().

15.4. DerinrtioN. If the integral fF(x—t)g(t)dt 1s convergent on R,

the distribution R
hz) = f fla—t)g(t)dt
R

is called the convolution of f and g and denoted by f*g .

From this definition, taking into account the linearity property of the
partial integral, as well as 15.1, follows immediately that the convolution is bilinear,
that is, we have:

15.5. (afy + Bfa)xg = alfixg) + B(foxg) , w«,peC

whenever f,xg and f,#g exist; and analogously for the right side.
15.6. CommutaTIVE Law. If fxg exists, g«f exists too and fxg=gxf.

Proof. Suppose that fxg exists and put 2 = fxg, that is h(x) :f flx—1t)g(t)dt.
R

Then for each yeR we have

ho—y) = f flo—y—Dg(t)ds
R

(1) This is a well-known result of the Schwartz’s theory, which can be established
directly without difficulty.
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and it is obvious that the last integral is still convergent with respect to (z,y)
on R% On the other hand, for each yeR, we may perform on this integral the
substitution t= u—y, which gives:

ho—y) = f fle—u)g(u—y)du
R

Now, taking 15.3 into account, it can be seen that the last integral is also conver-
gent with respect to y for each xeR. In particular for x =0 we have

M=) = [ f—wg(u—y)du
R

Hence by the substitution y=—z , u=—t:

h(x) :fg(x—t)f(t)dt that is 7 = gxf.
R

In the general case the convolution is not associative. But the following criterion
can be used in several cases:

15.7. Id f.g,h are distributions on R such that fxg and g+«h exist and
~ff(a:—y)g(y—t)h(t)dydt is convergent on R, then
R2

(Frg)eh = fu(gwh) — f & — y)gy—t)h(t)dyds
R2

This is an immediate consequence of 14.4.
In turn, from the differentiation and substitution properties for partial
integrals and from 15.6 follows immediately, taking definition 15.4 into account:

15.8. DI1FFERENTIATION PROPERTY. If fxg exists, then D(fxg) exists too and
D(f+g) = Df+g = f+Dg .

15.9. TransLaTiON PROPERTY. If fxg exists, then ty(f+g) exists for every
heR and

wh(f*8) = (tpf) g = [*(138) .
On the other hand:

15.10. If fxg and fx(xg) exist, then (Tf)*g exists too and

2(frg) = (zf)xg+fx(zg) .
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Proof. It is sufficient to observe that (Zf)#g is given by

f (—t)fc— gt = f fla—1)g(t)dt— f flo—tiglyde .
R R R

This tmportant property shows that multiplication by x, with respect to convo-
lution, behaves like a derivaiion operator with respect to multiplication.
Finally, we can analogously prove that:

A5.11. If fxg exists, then

e*(fxg) = (e*f)*(e*g) , waeC.

16. Convolution of distributions whose support is bounded on the left and

(or) on the right

We shall denote by CJ(R) or simply by C° the vector space of all
distributions with bounded support on R.

16.4. TueoreM. The convolution fxg exists whenever feC% and ge€Ce.
Besides:

(1) fx(gxh) = (f+g)xh, whenever f,geC% ,heCx .

(1) dxf=T{, for every feC .

Proof. a) Suppose feC? ,g€Cw. Then there exists a bounded interval [/

such that g(x—1t)f(¢) vanishes for teR—I. Hence fg(x—t)f(t)dt 18 conver-

R
gent on R and gives f*g.

b) Suppose f,g€C%,2eCx. Then by an argument similar to the prece-
ding it is shown that the integral f h(z—y)gly—t)h(t)dydt is convergent on R

R
and this, according to 15.7, implies (i),
¢) Consider f = D"F, where FeC(R), and put ¥, = FH, F,=F—F,. Now

Zz

H+F, = fH(x—t)E(t)dt:fF,(t)dt .

[1}
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Hence 3+D"F,=D"*"\(H=F,)=D"F,. 1t is seen analogously that 8«D"F,=D"F,,
so that Sxf=D"F, | D"F,=f.
This theorem along with 15.5 and 15.6, can be expressed by saying:

16.2. The space CS is a commulative algebra under the convolution and Ce
is a module over that algebra, having & as the unity element.

Property (i) in 16.1 can be expressed explicitely by the important formula:

16.3. f(x)sz‘(x—t)f(t)dt (DIRAC’S FORMULA)
R

We shall denote by C& (resp. C) the vector space of all distributions
vanishing on the left (resp. on the right) of 0 and by CI (resp. ) the
space of all distributions whose carrier is bounded on the left (resp. on
the right).

16.4. The space CS (resp. C3) is an algebra under the convolution and
Cl (resp. C3) is a subalgebra of 7 (resp. CF) .
In fact, if f,geCJ, there exists a real ¢ such that f and g vanish for z<c.

Then flx—1t)g(t) vanishes for t<<c and for t>2x—c. Hence ff(x—t)g(t)dt 18
R

convergent on R and vanishes for x <<2¢. The remaining parts of the theorem
are easily proved.

17. Convolution and orders of growth. Tempered distributions and rapidy

decreasing distributions (on R) (*)

Several criteria can be found, connecting convolution with orders of
growth of distributions. One of those criteria is the following:

17.1. THEOREM. Let o and B be two real numbers such that «>=8 and
a+B+n<—1, where n is the integer satisfying O <<a+n<<1. On the other hand,
let f and g be two continuous functions on R such that feO(z™) and geO(xB).
Then fxg exists and fxgeO(z¥) (?).

Proof. a) Suppose a+B<<—1 with «>>0. Then, as feO(z"¥), there exists
a number M such that |f(z) |[<M(1+|z))* for all zeR. Hence

[fle—t) | < M +|z—t )" < M1 4|z |)* (L +|t])*, vz, tcR

() See «Notes ajoutées pendant la correction des épreuvess after the «Résumén.
(3) Tt is understood: «in the ordinary sense as z —oo».
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since «>0. So the integral ff(x—t)g(t)dt is dominated by the integral

M1+ z))* [(1 +[e)*| g(t) |dt. Since ge0(®) and atp< —1, the last integral
R
exists. Hence the first integral is uniformly convergent on each compact set in R

and its modulus is <MK(1+|z|*), where K = f +1t))*| g(ty|de. Consequently

fxge0(a”).

b) Let now n be the 1nteger such that O<a+nrn<1 and suppose
at-B+n<—1, <. Then zf+xz™ g exists and is O(@**™) for k=0,...,n, according
to the previous conclusion. Hence (cf. 15.10):

n

2"(fxg) = Z <Z> (a"fra""g)€0(™)

k=0
so that fxgeO(z%).

17.2. CororLLARY. Let o be a real <—2,A, the set of all continuous
functions f on R such that fe O(z%) as z—>c0 and B, the set of all continuous functions g
on R such that there exists a real B (depending on g) satisfying the conditions:
at+B<—1 and geO(xB). Then A, is an algebra under the convolution and B,
is a module over A, .

Proof. Applying to the theorem (changing the roles of « and f), it is
readily seen that, fxg exists and belongs to B, whenever feA4, and geB,; and
that fxgeA4, whenever f,geA, . So we have only to prove the associative law:

fr(gxh)=(f*g)*h vf,g€A, , heB, -
But this can be easily seen applying 15.7, as we did for 16.1.

17.3. ReEMARkK. The preceding theorem and corollary can be extended
to locally summable functions, according to the following criterion (FUBINI-

-TONNELLI’S THEOREM): If f,geL(R), then [f(x—t)g(t)dt is convergent almost

everywhere in R and defines a functions he L(R). It is also true that the preceding
integral is convergent in the mean on R, so that fxg exists in the
distributional sense.

Applying 15.11 and taking the Fubini-Tonnelli’s theorem into account,
it is a simple matter to obtain the following generalization of 17.1:
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17.4. TarEorREM. Let o,B be two real numbers satisfying the hypothesis of
171, o', B’ two real numbers such that o' +0' <0 and f,g two locally summable
functions such that fe O(z*e*"*) and geO(ae®1#"). Then fxg exists and frgeO(a '™,
where v=max («',8').

For the proof it is convenient to consider f and g in the form f=f,-+f,
and g=g,+g,, with f,.g,eL®, f,g,€L", remembering that f,xg,eL™, f,xg,eL .

From 17.4 it is easily deduced a corresponding generalization of 17.2.

Now, applying the differentiation property, we can derive from the
preceding criteria corresponding rules for distributions. For example let us

p
denote by 4,, for every a<<—2, the set of all distributions of the form f:ZanFk,

k=0

where p,n,,...,n, are arbitrary integers and Fy locally summable functions such
q

that FreO(z%); and by B, the set of all distributions of the form g= ZD’ka

k=0
where @1y g are arbitrary integers and G; locally summable functions such
that erO(xB) with «+B<—1 (8 depending on g). Then it is easily seen that 4,
is an algebra under convolution and ®, a module over 4 .

17.5. DeriNiTION. A distribution on R is said to be tempered (slowly
increasing or of polynomial type), iff there is a real « such that feO(z%) (in the
distributional sense).

An equivalent definition to this is the following: [ is tempered, iff there
exist two integers n,k and a function FeC(R) such that f=D"F and FeO(xk)
in the ordinary sense.

We shall denote by Co(R) or simply by C. the set of all tempered distri-

o

butions. It is readly seen that C. is a vector space closed under the operator D.

17.6. Derinrtion. A distribution f on R is said to be rapidly decreasing,

p.
iff, for every a<<0, f can be represented in the form f:ZD"’ka, where p,ny,...,n,
k=o
are arbitrary integers (n,>0,p>1) and £} continuous functions such that
FreO(2%) in the ordinary sense.
We shall denote by C, the set of all rapidly decreasing distributions on R.
From the preceding results it is easily deduced the well known fact:

17.7. COROLLARY. Co is an algebra under convolution and C. a module

~

over Ce -

A similar result can be obtained, concerning the space C, of all distri-
butions of exponential type (that is, of the form f=D"F, where F is a continuous
function on R such that FeO(e™*) for some real « and the space C, of all
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exponentially decreasing distributions (that is, of the form f=D"F where F is a

continuous function such that FeO(e*™) for every a < 0).
Observe that €%, =« C =€ =C, =C,p =C, -

18. Convolution on R”

The concept of convolution of distributions on R is readily extended
to the case of distributions on R” and all preceding properties of convolution
can be generalized to this case (now we have to consider derivation operators,
translation operators, etc. for several variables).

Theorem 16.1 is readily extended to distributions of several variables.
As for theorem 16.4 it gives place to new possibilities in the case of n variables. Let
I’ be any convex cone in R”™ whose vertex is the origin and not reducing to an half
plane. We shall denote by Co[['] the set of all distributions on R™ vanishing
outside some cone a+1I", with aeR". Then it is easily seen that C(I') is an algebra
under convolution; besides there exists a maxinal subspace Co(R™) distinct from
Cw(I'), which is a module over C,(I).

Finally the criteria given in 17. can be also extended to the case of n
variables and connected between them and the preceding ones, according to the
different variables (1).

§ 5. FOURIER TRANSFORMATION

19. Fourier transformation for tempered distributions on R

Let f be any distribution on R. If the integral f é%Yf(y)dy is convergent

R
on R, then the distribution

19.1. 8(z) = f & Yf(y)dy
R

is called the Fourier transform of f and we write

g@) =%, fly)  or simply g=7Ff.

(1) See further results in «Notes ajoutées pendant la correction des épreuves» after
the «Résuméen,
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The Fourier transform of f is often denoted by f . For simplicity, we
shall omit the subscript R in the integral symbol, when no confusion seems
possible.

For example, we have seen that f

8ia:y
ir —dy =me” “! in the distributional
Y

sense. So we have

From here we have deduced feixydy = 2nd(x) . Hence

19.2. F1=2n3.
On the other hand, since ¢Y3(y)=38(y), it is readily seen that
19.3. Fé=1.

We are going to establish in a direct way some fundamental properties
of the Fourier transformation for distributions.

19.4 If Ff and Fg exist, then F(\f+pg) exists too, for all A,ueC and we
have F(\f4ug)=NF) + u(Fe) -
This is an immediate consequence of the linearity property of integrals.
19.5. If 3f exists, then F(Df) exists too and
HDf) = —iz.(3f) ().
Proof. Observe that
eV (y) = D, [V f(y)] — izeVf(y) .

If Jf exists, 1. e. if f ¢Yf(y)dy is convergent on R, then ¢fy)—>0 on R

as y—>o0, and so
[ eay——iz [ )iy

that is F(Df)=—iz(Ff) .

('} Here the sign ~ means that z is a dummy variable.
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19.6. If Jf exists, then F(Yf) exists too and

F(yf) = —iD(3Ff).

Proof. If feixyf(y)dy is convergent on R, we have by the differentiation
property
D [e¥i)dy =i f eyf(y)dy

that is D(Ff) = iF(@f), hence FFf) = —iD(Ff) .

Properties 19.4, 19.5 and 19.6 can be associated as follows:
If p is any polynomial, then:

19.7.  F[p(D)F)=p(—iwx)(Ff) , I py)If]=p(—iD)F).

We shall now prove some existence criteria for Fourier transforms.

19.8. If f is summable on R, the Ff exists and is a bounded continuous
function on R. .
Proof. Suppose feL(R). Since |e™f(y)|=|f(y)| for all z,ycR, the

integral [‘ | ™¥f(y) ldy is dominated by the integral f |f(y) |dy, which is conver-

gent and independent of z. Hence the integral J/ ¢“™f(y)dy is uniformly conver-

gent on R, which implies that it is convergent on R in the distributional sense
and it represents a continuous function g(x) on R. Now this function is bounded,

since ]g(x)|<ﬂ fly)|dy for all zeR .

We shall denote by (, the space of all bounded continuous functions
on R. Remember that we have denoted by C, the space of all tempered distri-
butions on R (17.5). Now from 19.7 and 19.8 follows:

19.9. If feCu, then Ff exists and FfeCe .

Proof. Suppose fe(C,. Then there exist m,peN, and FeC(R) such that
f=D"F and FeO(zP) (in the ordinary sense as #—c0). Put ® = F/(1+iz)P*2,
Then f=D"(1+iz)P*2® and ® eC(R), ® O(x2). Therefore, by 19.7, F® exists and
30eCy < Co- Hence, by 19.6, Ff exists too and Ff =(—i2)™(1+D)P*(F0)el..
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We next purpose to study the problem of the inversion of F. Observe
that JF transforms 1 into 2xn3, § into 1, D into multplication by —iZ and
multiplication by % into —iD. Hence, if F' exists, it should transform &
into 1/2x, 1 into §, etc. and so we may expect that F' is given by the formula:

1

19.10. fly) =~ f e g(x)da .

R

We shall provisionally denote by F* the transformation g—f defined
by this formula. Observing that, in this case, f(—y)=(2=)" ylxg(x), it 1s
readily seen that F* has the required properties and that F*f exists for all
feC.. Moreover:

19.11. If fel., and g=3f, then f=3F*g. Conversely, if geCo and f=3F*g

then g=3f.
Proof. Suppose feC, and put g=3Ff, h=3F*g. Then

mo) = o [ [ty |ao

and, if it is allowed to interchange the integiations, we find

hy) = — [ | e"ﬁy’*y’dx]f(y')dy'

T o

But f Y Py = Amd(y’ —y)=2nd(y—y’) (by 19.2) and so, by the Dirac’s formula,
My) = f y—y)ifly)dy' =fly), that is Frg=f.

It is shown analogously that, if geC, and f=JF*g, then g=3f, under
the hypothesis that the integrations are interchangeable. To prove this, it will be
enough (according to 14.2) to show that the double integral

19.12. f f YNy ) dady'

is convergent on R. This can be made, at first, in the case when felL; in this
case the integral

19.13 N ayn dudy
1o We f(y')dzdy
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is uniformly convergent on R, since for all z,y,y'eR,

PR Yy = |fy")]
g2 | A4z | Y=

and the functions (142%™, f(y') are summable on R. Hence, by applying
to 19.13 the operator 1—D7, it is seen that the integral 19.12 is convergent
on R in the case when feL. Finally this conclusion can be extended for every
feCw, by an argument similar to the proof of 19.9, observing that the integral 19.12
represents F*F and applying 19.7.

Hence we have proved that F*=3F' in the case when F is restricted
to Cw -

The preceding results can be summarized as follows:

19.14. THEOREM. Fisa 1-1 lmear mapping of the space Co onto itself,

changing D into multiplication by —iZ, multiplication by Z into —iD, 1 into 2nd
and 3 into 1. The inverse of F ts given by 19.10.

20. Fourier transformation and convolution

The following theorem is well known:

20.1. Tueorem. If f and g are summable functions on R, then JF trans-
forms the convolution fxg into the usual product of the continuous functions Ff and
Fg, that is

Hf=g) = (F)(Fg) -

We shall give here the proof of this theorem. It is known that, 1f f,geL then
fxg ex1sts and fxgeL (Fubini-Tonnelli’s theorem, 17.3). Put f 3, £ =3¢.
Then f ger (th. 19.8) and

f(2)8(x) = f P f(u)du . f ei*%g(0) dp

R R

= f eTUI ) (0)dudo .
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Put now u-+tv=y,v=t. Then u=y—t,¢=t ant it is readily seen that the trans-
formation defined by these formulas has a Jacobian equal to 1 and maps R?
onto R2. Therefore

Flu)g(z) = f e fly—1)g(t)dy dt

RZ

— [[ei= [ [ fu—etyie |ay
R

R
so that fé,A’ = F(f=g), that is F(f+g) = (Ff)(Fg).

20.2. ComroLrLaRrY. Let f,g be two distributions on R of the form f=D™F,
g=D"G, where F, G are l.s. functions satisfying the condition: there exists
an integer p such that (1+iZ)PF and (1—|—i93)‘pG are summable on R. Then
F(f+g) = (If) (Fg) -

This is a consequence of the theorem, in conjunction with properties 15.8
and 15.10. The corollary can obviously be extended to distributions f,g each
of the preceding form. Remembering now the definition of the space Cu of
all rapidly decreasing distributions (17.6), it is easily deduced from 20.2:

20.3. CororrLary. If feCo and geC. then F(f+g) = (F)(Fg).

In order to characterize in a direct way the Fourier transforms of rapidly
decreasing distributions, we shall at first establish two general criteria:

20.4. TureoreM. If fis a distribution of the form D" F, where F is alocally
summable function on R such that FeO(x™P), p being an integer >0, and if o==3{,
then ¢ is a CP™* function such that ¢®eO(z"), for k=0,...,p—2.

Proof. Suppose that the hypothesis is satisfied and put ®=3FF.
Then ¢ =(—i%)"® and, since 2hFe O(z™*) for £=0,...,p—2, it follows, by 19.6
and 19.8, that Df®eC, for k=0,..,p—2. Hence ¢eCP? and ¢®cO(z")
for k=0,...,p—2.

20.5. Tueomrem. If @ is a CP function such that P O(z"), with n,p <N,
and if f=23F¢, then f is of the form f=(1+4D)"**F, where F is a continuous function
such that FeO(zP).

Proof. Suppose that the hypothesis is satisfied and put O=(1—1z) " 2%,
F=30. Then f=(1+D)"?F . On the other hand, ¢®eO(z"*?~*) for k=0,...,p,
and this implies ®Pe0(z%). Hence 2PFeC, and so FeO(z ™).
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20.6. DerFiniTiON. A tempered C* function on R is a function ¢ e C*(R),
satisfying the following condition: for every p=0,1,..., there exists an integer n,
such that ¢”eOQ(z") (in the ordinary sense as x—>c0).

We shall denote by C® the set of all tempered C® functions on R.
It is easily seen that £ is a vector subspace of C,(C*, but it must be
observed that C®+# C,MNC®. Now from 20.4 and 9.2.5 follows:

20.7. CororLaRY. The Fourier transformation maps the convolution alge-
bra C_ onto the multiplication algebra C”.

Proof. a) Suppose feC_. This implies that, for every p=0,1,..., f can
be represented in the form fzz:nDnth where FreO@?P?) for k=1,...,m.
Then, if ¢=3f, it is easily seen, taking 20.4 into account, that ¢eC? and
oPe0(z#) where p=max (n,...,n;). Hence oeC”.

b) Suppose ¢eC®. Then, for every p=0,1,..., there exists n such
that ¢Pe0(z"). Hence, if we put f=F '¢, we conclude applying 20.5 (which
extends obviously to F') that f is of the form (1-4-D)***F, where F is a
continuous function such that FeO(xP). Hence fel,.

The remaining part the of corollary is an obvious consequence of 20.3.

21. Fourier transformation on R™

The Fourier transformation on R"™ may be defined by the formula

g(z) = f eVf(y)dy
R

where f is a distribution on R" and 2y =Z:l zyy- 1f this integral is convergent
on R" we write g=Ff. A distribution f on R" is said to be tempered, iff there
exist two systems r,seN} and a function FeC(R") such that f=D"F and
FeO(x$...23n in the ordinary sense; then we write fe C (R") or simply fel,_.

All preceding properties cf the Fourier transformation can be extended
to the present case, with the obvious modifications concerning the existence
of n derivation operators and n coordinate functions, %1,...,56,1. Thus

F(Dif)=(—ix)(Ff), F@uf)=(—iDp)3(f)

for all feC,(R") and k=1,...,n. Moreover, in the inversion formula, the
coefficient 1/(2n) must be replaced by 1/(2%)".
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Observe that, if fe éw(Rn), we can define by the formula

gilz) = f e Wiy, f(z)da

R

the Fourier transform of f with respect to x; (it is easily proved that this partial
integral is then convergent on R™). Then we shall write gk="3%,,f or simply

gr=3,f and it is easily seen that
F=F...%;.

But for the existence of F,f it is not necessary that fe C(R"): it is suffi-
cient that there exists an integer p such that

feO(xf) on j;[kaj as  xp—>co .

Finally, applying theorem 13.8, it easily proved that Fourier transformation
on Co(R") is invariant under isometric linear transformation of the R'-space
with the usual norm.
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RESUME

1. Les symboles O et o pour des distributions

Pour fixer les idées, nous nous bornerons au cas ol x— -+ c0. Soit I un
intervalle ouvert de R, non borné & droite, I=]a,+ co[; 81 f er ¢ sont deux
fonctions sur I, on écrit

feO(¢) lorsque z— +

s’il existe un nombre réel z, et une fonction f, bornée pour x>z, tels que f=of,
pour z>z,. D’autre part on écrit

feo(ep) lorsque z— + o0

s’ll existe un nombre réel z, et une fonction f, tendant vers O lorsque z— + oo,
tels que f=of, pour = > z,.

En particulier, on peut avoir ¢ = z* ou « est un nombre réel, c’est-a-dire
e(x)=2%. Dans ce cas nous écrirons z* au lieu de 2% pour alléger les
notations.

z
Soit maintenant ¢ un point de I et posons Jf(z) :J f(E)dE pour toute
4

fonction f localement sommable sur /. Cela étant:

LemMEs 1 et 2. St « est nombre un réel > —1 et f une fonction localement
sommable sur I telle que feO(z™) [resp. feo(x)] lorsque x— + o0, alors

JIfeO@*™y [resp. Ifeo(z™™)] lorsque z— + oo
Ces deux lemmes justifient les définitions suivantes:

DEriniTIONS 1 et 2. Si a est un nombre réel > —1 et f une distribution
sur I, on écrit

feO(z*) [resp. feo(z*)] lorsque z—> + 0,
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s’ll existe un entier n>0 et une fonction F localement sommable sur I, tels que
f=D"F et FeO(z*™) [resp. Feo(z*™)] lorsque z— -+ oo, au sens usuel. En
particulier, si fe O(1) lorsque  — + oo, on dit que f est bornée a droite, et si fe o(1)
lorsque — + o0, on dit que f tend vers O lorsque x — + oo ('). Cela étant, on peut
encore élargir les notions de O et de o de la fagon suivante:

DiriniTions 17 et 2°. Si ¢ est une fonction indéfiniment différentiable
sur [ et f une distribution sur /, on écrit

feO(e) [resp. feo(p)] lorsque x— + o0,

8’1l existe un réel z, et une distribution f, bornée & droite [resp. tendant. vers
zéro lorsque z— + oo] tels que f=¢f, pour z>z,.

Les lemmes 1 et 2 permettent de voir que les définitions 1’ et 2’ sont
équivalentes aux définitions 1 et 2 dans le cas ou ¢ =2* avec « >—1. D’autre
part, il est aisé de généraliser au cas des distributions plusieurs propriétés élémen-
taires des symboles O et o, parmi lesquelles la

PropPrIETE DE LINEARITE. St feO(g) et geO(yp) lorsque x— + oo, et st
A, neC, alors
M+ upgeO(p) lorsque x— 4 0

(Et de méme pour le symbole o)
Mais on obtient une propriété nouvelle:

ST « est un nombre réel quelconque et feO(x*) lorsque xz— + oo, alors
DfeO(z*") lorsque x— + ooy et de méme pour le symbole o (cf. lemmes 1 et 2).

2. Limites et intégrales de distributions

Considérons encore, pour fixer les idées, le cas ou z— 4o et soit

I=1]a,+ .

DEriniTION 3. Si f est une distribution sur I et A un nombre complexe,
on écrit
f(x)—->»  lorsque z-— -4 o

(1} Cette définition de (distribution bornée» est plus générale que celle donnée par
L. ScawarTz.



INTEGRALS AND ORDERS OF GROWTH OF DISTRIBUTIONS 383

si f—Aeo(l) lorsque x— 4 co0; ou, ce qui revient au méme, s’il existe un entier
n>o0 et une fonction F continue sur 7, tels que f=D"F et F(x)/z" —x/n! lorsque
x—> —+o0 (au sens usuel) ().

On démontre aisément que, si f—i lorsque x— -0 et f—u lorsque

x—> 4 o0, alors A=p.. Cela justifie que 'on écrit ce cas A = lim f ou A={f(+ o0).
Z—+

D’autre part, on généralise plusieurs propriétés usuelles de la notion de limite.
Observons encore que

St une distribution f tend vers un nombre A lorsque x—> 4-co, alors f est
bornée a droite.

On définit d’'une facon analogue les notions de limite d’une distribution
lorsque z—>—o0 ou lorsque z—a’, x—a~ or z—+a, ol a est un réel quelconque.

De ces notions de limite découlent des notions correspondantes d’intégrale.
Soit par exemple f une distribution sur R. On sait qu’il existe au moins une
primitive F de f; alors, on dit que f est intégrable sur R si F est convergente
lorsque z— + o et lorsque x——o0o, et on écrit

f *f@)dz = F(4 o) — F(— o) .

— o0
L’intégrale de f sur R peut étre aussi notée Jf.
R
On démontre aisément l’unicité de l'intégrale, ainsi que sa linéarité, etc.

Considérons par exemple lintégrale feigxdx, ou & est un paramétre réel.
: R . R
Pour £+0, une primitive de % par rapport & z sera eZ/if. A son tour

Ex Ex 18z
=D, et lm—— =0
1 (18)? z—>o L

Donc, d’aprés les définitions précédentes:
) p

el /if -0  lorsque z—> o0,

et, par conséquent feiﬁxdxzo, pour tout £#0.

R
Si £=0 Vintégrale J‘eiixdx est divergente, méme au sens des distribu-
R
tions. Ces résultats sont d’accord avec la formule
(1) f ¢l 4y — 25 (E)
R

(1) Cette définition est plus générale que celle donnée par MikUsINSKT et SIKORSKI.
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qui a été depuis longtemps introduite par les physiciens d’une fagon heuristique.
Mais cette formule ne pourra étre justifiée complétement que par une générali-
sation convenable de la notion d’intégrale paramétrique, ce dont nous nous
occupons plus loin.

Il est & remarquer que, d’aprés les définitions de limite d’une distribution,

proposées, a notre connaissance, par d’autres auteurs, l'intégrale feigxdx n’est

R
convergente pour aucune valeur réelle de &.

3. Critéres de convergence pour des intégrales

Considérons, par exemple, le cas d’une intégrale sur R. On a d’abord le
critére (condition nécessaire de convergence), qui n’est pas valable dans le
domaine classique:

TutorEME 1. St [ est une distribution intégrable sur R, on a feO(z™)
lorsque x-—>0.

D’autre part, on obtient la généralisation suivante d’un critére classique
(condition suffisante de convergence):

TutorimME 2. S’tl existe un réel a <—1 tel que feO(z™) lorsque x — o,
alors f est intégrable sur R.

On peut encore établir des critéres semblables pour d’autres types d’inter-
valles. Par exemple, considérons I =]a, 4+ o[, avec acR, et soit f une distri-
bution sur [; alors:

TutoriME 1'. St [ est intégrable sur I, on a feO(z™") lorsque x— + ©
et feO((x—a)™") lorsque z—>a’.

TuroREME 2'. S°il existe deux réels « et B tels que a <<—1, p>—1, feO(z")
lorsque x— 40 et fe O((x——a)B) lorsque x—>a*, alors f est intégrable sur I.

4. Limites partielles et intégrales paramétriques

Nous nous bornerons ici & un cas particulier qui servira de paradigme:

DEriNiTiON 4. On dit qu’une distribution f(z,y) sur R? tend vers une
distribution g(x), lorsque y—>+ oo, §’il existe deux entiers m,n>0 et deux
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fonctions continues F(z,y) et G(z), respectivement sur R? et sur R, tels que:

1) flay) = DF Dy F(zy); 2) g(z) = DFG(); 3) F(;riy) = G,(j) :

orsque y— - oo,
uniformément sur tout borné.

On démontre d’abord 'unicité de la limite, ce qui permet d’écrire

glx) = lim f(zyy) ou g(x) =fz, + )

y—‘>+oo

Ensuite on établit des propriétés élémentaires telles que la linéarité, etc., et encore
la propriété nouvelle:

D, lim f(z,y) = lim D, f(z,y)

Y—>+oo Y—>+owo

La définition 4 et la définition correspondante pour le cas ou x ——co, permettent
de définir l'intégrale paramétrique sur R.

DEriNiTioN 5. On dit que Pintégrale f f(x,y)dy est convergente sur R
R
(par rapport & x), si, étant donnée F(zx,y) telle que Dszf, les Iimites F(x, 4 0)
et F(x, —oo) existent. Alors on écrit f fle,y)dy = F(x, +o0) — F(x, —o0).
R

Evidemment, on aura non seulement 1’unicité et la linéarité de 1'intégrale
paramétrique, mais aussi la propriété nouvelle:

D, f flx,y)dy = fDxf(x,y)dy
R R

En particulier, cela permet de démontrer la formule (1) par une méthode rigoureuse,
dont la technique se rapprouche des méthodes heuristiques des physiciens.

5. Limites et intégrales multiples

Nous prendrons encore un cas particulier pour modéle:

DErFiNiTION 6. On dit qu’une distribution f(z,y) sur R? tend vers un
nombre A lorsque z—> 4 o0 et y— -+ o0, il existe deux entiers m,n >0 et une
Fla)y)

xmyn

fonction F(x,y) continue sur R? tels que: 1) f(x,y):DZ’Dl’,‘F(x,y); 2)

tend vers

T lorsque z— + o et y— 4 co (au sens usuel).
m!in!
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On peut écrire dans ce cas:

A = lim f(z,y) = f( 4 o0, + )

T—>+00
Y-+

Vunicité de la limite étant assurée (ainsi que sa linéarité).

On définit d’une facon analogue les limites f(—o0, —0), f(—o0, +0)
et f(+oo, —w). Ces définitions conduisent a la définition suivante d’intégrale
double:

DeriNiTION 7. On dit que f est intégrable sur R?, s’il existe une distri-
bution F, telle que f:DnyF, pour laquelle les limites F(-+4co, 4+e0),
F(—ow, +w©), F(+w, —w), F(—w, —x) existent. On écrit alors:

[ fey)dedy = F(+0, +00)— F(—o0, +00) — F(+4w, —w) + Fl—aw, —w)
R?

L’unicité et la linéarité de lintégrale sont assurées. En outre:

TutorEME 3. St Uintégrale f flz,y)dy est convergente par rapport a x
R

sur R et si f est intégrable sur R?, alors

[ topasty = [ ] [ foppay] az
R? R

R

Toutefois l'intégrale double, telle que nous venons de la définir, n’est pas
invariante pour les rotations. Mais cet inconvénient disparait dans les cas ou
s’applique le critére de convergence que nous indiquerons plus loin.

Dans le cas général, ou il s’agit d’une distribution sur R", on définit d’une
fagon semblable les limites multiples et l'intégrale sur R™

[ frte = [ e .. o,
S S

Plus généralement encore, étant donné une distribution f(z,y) = f(z,,....%.Y1-- - ¥p)
sur R™" on définit I'intégrale multiple-paramétrique

ff(x7y)dy = ff(x|7---7xm7y1,"'7yn)dy1 dyn )

en généralisant de fagon triviale les définitions précédentes d’intégrale multiple
et d’intégrale paramétrique.
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Enfin, pour généraliser les critéres de convergence aux intégrales multiples,
il faut d’abord prolonger le symbole O aux distributions de n variables.

DEriniTIiON 8. On dit qu’une distribution f est bornée sur R™, §’il existe
un sistéme r de n entiers r,,...,r, et une fonction F continue sur R” tels que:

1) f=DF

2) pour toute matrice 4 réguliére d’ordre n la fonction a7™...2, " F(Ax)
est bornée sur R”".

DeriniTION 9. Si ¢ est une fonction indéfiniment différentiable sur R™,
on écrit
feO(p) sur R™,

¢'il existe une distribution f, bornée sur R"” et un nombre réel e >0, tels que
f=of, pour |z]>c.

Cela posé, on démontre le critére suivant:

TuEorEME 4. Sl existe un réel a<—n tel que feO(|z["), on

|| = \az?+ _jg, alors f est intégrable sur R".

6. Convolution et transformation de Fourier

Les notions et les résultats précédents permettent, en particulier, de cons-
truire une théorie directe de la convolution et des transformations de Fourier et
de Laplace pour des distributions, qui se rapproche beaucoup des méthodes
heuristiques des physiciens et qui offre des moyens d’obtenir des résultats
essentiellement nouveaux.

D’abord deux distributions f et g sur R™ sont dites composables, si
Pintégrale

fﬂw—@ﬂ@&
Rn

est convergente, par rapport a x, sur R"; alors la distribution A(z) définie par
cette intégrale est nommée la convolution de f et g, et on écrit A=f+g. La
convolution est bilinéaire et commutative; en outre, on a les propriétés suivantes:

D(fxg) = (Df)xg = f*(Dg)

a(fxg) = (xf)*g + f*(x g)
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(on sous-entend que l'existence de deux des convolutions z(fxg), (xf)*g et fx(x g)
entraine ’existence de la troisiéme).

Toutes ces propriétés permettent d’étudier plusieurs cas intéressants de
couples de distributions composables et d’établir des conditions suffisantes pour
que Dassociativité se vérifie (dans le cas général, la convolution n’est pas
associative).

D’autre part, si f est une distribution sur R™ telle que l'intégrale para-
métrique

f eOEfE)AE  (2E =, + ...+ o)
Rn

est convergente sur R", on définit une distribution ¢(z) sur R™ qui s’appelle
la transformée de Fourier de f et on écrit ¢ = JFf. Cela étant, on établit aussitdt
les propriétés élémentaires de la transformation de Fourier, F, et on démontre
aisément que F définit une application biunivoque de I’espace des distributions
tempérées sur lui-méme, ete., ete.



NOTES AJOUTEES PENDANT LA CORRECTION DES EPREUVES

1. Sur la notion d’intégrale d’une distribution. Récemment nous avons pu vérifier
que la notion d’intégrale d’une distribution f d’une variable, telle que nous I'avons définie,
coincide, dans le cas ol f est une fonction localement sommable, avec une notion d’intégrale
généralisée, que Du Bois-Reymond a introduit en 1887 (Journal de Crelle, vol. G, p. 356), en
étendant aux intégrales les méthodes de sommation de Cesiro pour les séries. Voici I’idée de
Du Bois-Reymond:

Soit r un entier 2> 0 et ¢ un nombre réel quelcomque. Si l'on pose

Fla) = f o= g,

a rl

X
on a F=JL!f, donc jafzf f=D"F. Alors, si la fonction F(z)/z" tend vers une limite finie
a

+00
lorsque z—> 4 00, on dit que l'intégrale f f(t)dt est sommable (C,r) et on écrit:
a

oo rl F(z) * t\"
f()dt = lim —— = lim (1_—) flo)d
x—>too & X—>+o0 Ja xz

a

Or, on voit aussitét que, dans ce cas, la fonction f est intégrable au sens des distri-
butions sur [a, +o0[ et que son intégrale sur cette intervalle a pour valeur la limite ci-dessus
indiquée.

Cette notion de sommabilité (C, r) peut évidemment s’étendre au cas ol r est un nombre
réel non-négatif quelconque.

Pour les détails, voir E. W. HoBson, «The theory of fonctions of a real variables, Dover
Publications, Inc., New York, pp. 384-388, 737-741.

2. Sur les critdres d’existence de la convolution, faisant intervenir les ordres de
croissance. Les critéres que nous avons indiqués au n.° 17 (Convolution and orders of growth)
font intervenir seulement les notions usuelles d’ordre de croissance pour les fonctions. On
obtient des critéres beaucoup plus fins, si ’on emploie les notions d’ordre de croissance d’une
distribution (cf. définitions 10.8 et 10.9). Par exemple:

Si f est g sont deux distributions sur R telles que fe Oyn(z%) et geOn(xB), et st o, véri-
fient la condition o+ B <—1, alors fxg existe au sens des distributions.

On peut se demander quel est dans ce cas I’ordre de fixg. Il n’existe peut-étre pas des
critéres généraux a cet effet. Mais on peut trouver des réponses intéressantes dans des cas
particuliers, Posons, par exemple,

1
hy(x) = ol Y yeR
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Alors, on a la proposition:

St f est une distribution telle que f€O(z%), ot a <1, la convolution hyxf existe pour tout
yF0 et on a encore hyxfeO(z%).

Observons que, st ’on pose dans ce cas
1
plz,y) = ?hy(x)*f(x) , pour zeR,y >0,
¢ est la solution de l'équation de Laplace Au =0 dans la demi-plan y >0, telle que
o(@0%) = flz), elay)eo(Va+y?)

Ces résultats, que nous n’avons d’ailleurs pas eu l'occasion de vérifier en détail, sont
en rapport avec ’étude de la transformation de Stieltjes (voir notre article «La théorie des
ultradistributions et les séries de multipéles des physicienss, a paraitre dans «Mathematischen
Annalen»).

Nous estimons que ce point de vue pourra conduire a des résultats nouveaux, intéressants
pour les physiciens, dans le cas de distributions de plusieurs variables.

Observons d’autre part que l’on obtient encore un critére probablement utile, en
remplacant dans la proposition 17.2 (corollaire de 17.1) la condition ¢«a << —2» par la condition
«a entier << —1».
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