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111.1 
THEORY OF DISTRIBUTIONS· 

* Este texto tern por base apontamentos coligidos por diversos alunos de Jose SebastHio e 

Silva na sequencia de urn curso que realizou em 1958 na Universidade de Maryland, e que 

posteriormente foram utilizados, e por ele revistos, na Faculdade de Ciencias de Lisboa. 



CHAPTER I 

HEURISTIC INTRODUCTION 

1.1. Intuitive antecedents of the theory of distributions 

One of the principal aims of the theory of distributions has been 

the justification of certain methods of calculation and reasoning used 

empirically by physicians and engineers, for example in the symbolic 

calculus of electricians (Heaviside school) and in quantum mecha­

nics (Dirac school). 

Although these methods were improvided with a logic founda­

tion, they enabled one to obtain with simplicity and elegance the so­

lution of problems for which the classical resources of analysis were, 

as a rule, less practical and even, sometimes, not efficient. However, 

the use of the new methods was a permanent defiance to traditional 

rigor of mathematics and led eventually to contradiction or to un­

clear situations, which made more and more desirable a rational 

foundation of those methods. 

The history of mathematics offers many examples of similar 

situations. The creation of differential and integral calculus, the in­

troduction of complex numbers, etc., were imposed by the necessity 

of rationalizing some heuristic methods of calculation and reasoning 

which mathematicians and physicists were naturally induced to 

apply. 
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Like those historical examples, the goal of the theory of distri­

butions does not reduce to the justification of heuristic methods to 

avoid more or less contradictory situations. On the contrary, this the­

ory has opened to mathematics, either pure or applied, new possibi­

lities to an extent that is not yet possible to foresee. 

The concept of distribution is a generalization of the concept of 

function in a similar way in which, for example, the concept of com­

plex number is a generalization of the concept of real number. One 

of the distributions that first appeared outside the classical domain of 

mathematics is the entity improperly called the "Dirac's 8-function" 

(or "unitary impulse function" of electricians). According to physi­

cists and engineers this entity should be, in the case of one variable, 

a function 8(x) satisfying the two conditions: 

{+ 00 if x = 0 
( 1 ) 8(x) = 

0 : if X;l! 0 

(2) f Sex) dx = 1 whenever a < 0 < b. 

Condition ( 1 ) defines, by itself, a function in the real axis - the 

function that assumes the value + 00 at the point 0 and the value 0 at 

any point X;l! O. But condition (2) in conjunction with (1), is contrary 

to any theory of the integral, either classical or modern. In fact the 

function 8 (x) defined by (1) is integrable, in the Lebesgue sense, on 

any interval of IR, but its integral is always zero, since 8 (x) differs 

from the zero function on IR only at the point zero. 

It might be attempted to define a new concept of integral in order 

to satisfy condition ( 1 ) along with (2). But this is impossible with­

out renouncing the most elementary properties of the integral. For 

example, we have 28 = 8 since 28 (x) = 0 for x ;I! 0 ,  and 28 (x) = + 200 
= + 00 for x = O. Therefore, if a < 0 < b, we should have by (2) 

f2S(X)dx= fS(X)dx= 1. 
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But, on the other hand, in order to maintain the elementary pro­

perty concerning the integral of a function multiplied by a constant, we 

should have: 

f 2c5 (x) dx = 2 f c5(x)dx = 2. 

So the integral would not be well defined if condition (2) would 

be satisfied. 

Hence there exists no function 8(x) satisfying at the same time 
( 1 )  and (2) in any reasonable theory of integration. 

Another solution that might be tried would consist in changing 

the ordinary meaning of the symbol +00, according to a consistent 

theory in which + coo would be distinct from + 00, for any number 

c � 1 .  Indeed, some attempts have been made by using such a theory 

of "hyper numbers", but to our knowledge no significant progress 

has been obtained in this direction. 

So, only one way out is left to us: trying to define 8, not as a 
function of a real variable, but as an entity of a new kind. For that 

purpose, it is convenient to come back to the intuitive considerations, 

which led to the preceding pseudo definition of 8. 

1.2. Intuitive origin of the B-concept 

Let us consider a distribution of matter on the real axis fR. Then, 

to each bounded interval I in fR there corresponds a non-negative 

number m( I) giving the amount of mass contained in I. In many cases 

there exist a function P(x) of the real variable x such that: 

1.2.1. m(I)= i P(x)dx 

for every bounded interval I. Then for any continuity point x of this 

function we have 

1.2.2. P(x)· = l.·m 
m(IR) ·h I [ R R] 

, w ere R= x - -
2

,x + -
2 

. 
R�O R 
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The value P(x) is said to be the density (of the mass distribution) at 
the point x. 

Let us now consider, for example, the mass distribution on IR 
consisting of one single material point of mass 1, placed at the ori­
gin, the remaining part of IR being unprovided with matter. In this 
case m(I) is equal to 1 or 0 according as the point 0 belongs to Ior not. 
Assume that there exist a density function of this distribution and de­
note by 8 (x) that function. Then we should have according to 1.2.2. 

. 

{ + 00 , if x = 0 
8(x) = 

0 ,if x � 0 

SInce 

1 , for every R > 0 when x = 0 

0, if x � 0 and 0 < R < 21 x I. 

On the other hand, we should have according to 1.2.1.: 

m[a,b] = ib 8(x)dx = 1 ,  whenever a < 0 < b. 

So the density function 8(x) should satisfy conditions (1) and (2) con­
sidered in 1.1. But we have seen that such a function does not exist. 

It might be argued that the concept of a material point is only an 
abstraction that is never realized in nature. But so is every scientific 

concept: nothing else but a scheme, i.e. a simplified representation 
that fits more or less successfully to the described situation. One 
of the tasks of mathematicians is to organize in a consistent theory 
everybody of schemes sketched by physicists so that the results ob­
tained by such a theory may be logically correct, free from contra­
dictions. 

1.3. The theory of measures 

Before the theory of distributions, measure theory - or better, the 
theory of measures - afforded already a simple and coherent inter­
pretation of the £5-symbol agreeing with preceding intuitive views. 
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Observe that a mass distribution on IR is not given, in general, by 
a function of the real variable x (or a function of the point x), but by 
a function m(1) of the variable interval/. Besides, this function is 
additive, i.e. if I is decomposed into two or more intervals 1\ , ... , In , 
mutually disjoint, then m (I) = m(II) + . . .  + m(In). It is even natural 
to assume that this additive property, holding for any decomposition 
into a finite number of intervals, extends also to any decomposition 
into a countable system of intervals. 

Another example of an additive function of a variable interval 
can be given by a probability distribution on fR, which assigns to 
each interval I the probability p (I) corresponding to I. Then we 
always have 0 s p(1) :s 1. 

A third example may be given in certain cases by a distribution 
of electric charges on fR. But, there, the number q (I) giving the 
quantity of electricity contained in each bounded interval is a real 
number that may be negative. 

Such concrete models suggested the abstract concept of mea­
sure. A measure 11- is. defined on IR if and only if, to each bounded 
interval I in IR, there is assigned a rea! or complex number, denoted by 
11-(I) or 11-1 (the 11--measure of I) so that if I is expressed as the union 

of a countable system of mutually disjoint intervals, 11, • • •  , In' . . . ' 
then the series � I1-(In) is absolutely convergent and 11-(1) = � I1-(In). In 
particular cases, there exists a function f(x) (of the real variable x) 
such that: 

p. (I) = L f, for each bounded intervall, 

where }:f denotes the integral of f over I in the ordinary sense. In 
such cases giving the measure 11- is quite equivalent to give the func­
tion f. Then the function f of the variable x is uniquely extended as 
a function 11-of the variable I, so that the measure 11-may be identified 
with the function f. [If the interval I reduces to a single point a such 
that f(a) ;I! 0, we must have at the same time 11-(1) = f(I) = O. But this 
involves no contradiction; it should be remembered that the interval 
[a, a] is to be distinguished from the point a itself]. 
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In the general case such a density f does not exist (as we have 

seen with the 8-measure), but the preceding identification suggests, 

in such cases, the following definition: 

1.3.1. 

and to say that /-l(!) is the integral of /-lover I.  Of course these are 

only new symbols and a new name for the /-l-measure of I, but in 

doing so, we approach successfully the intuitions of physicists. For 

example, with respect to the D(armeasure we have, for each a EfR, 
the definition: 

f { 1 ,  if aEI 

JI D(a) = D(a)(I) = 
0 ,  if a f£. I 

Although D(a) is not a function of a real variable, we shall some­

times denote this measure by the functional notation S(x - a) used by 

physicists . This problem of notation will be discussed in chapter III 

[3.6]. If a = 0 we denote D(o) only by S or Sex). 

1.4. Measures as derivatives of functions of a real variable 

Let J.L be any measure on fR. If we chose any point e E fR and put 

{ J.L[e, x], if x � e 
F(x) = _ J.L]x, e[, if x < e 

then we obviously define a function F(x) of the real variable x on fR. 
If there exists a density function f of the measure J.L, we have, in the 

ordinary sense: 

F(x) = ffWdg, for any xEIR , 

and hence f(x) is the derivative of F(x) at any continuity point of that 

function. 
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In general, the density function f may not exist, but the measure 
J.L can be derived from the function F in a precise way that we shall 
describe in chapter Ill. Thus the measure J.L is always determined by 
the function F; on the other hand, two functions, F and G, determine 
the same measure J.L if and only if F - G reduces to a constant func­
tion on fR. That being so, it will be natural to say (by definition) that 
J.L is the derivative of the functions F, G, . . .  and to write : 

J.L = D F ,  J.L = DG , . . .  . 

On the other hand it will be natural to say that F, G, . . .  are the 
primitives of J.L. For example, a primitive of 8 will be the function: 

{ 8 [0, x] , if x � 0 
H(x) = . 

8 ] x, O[ , If x < 0 

Hence we have H(x) = 1 for x � 0 and H(x) = 0 for x < o (Heavi­
side's function), and we may write in the preceding sense: 

8=DH. 

A similar, but a little more elaborate example, is given by the 
measure: 

which is defined as follows: 

J.L(/) = 38(2)(/) - 28(4)(/) + 8(5)(1) for any interval I .  

A concrete model of this measure is given by a system of these 
electric charges : ql = 3, q2 = - 2 and q3 = 1 ,  placed at the points 2, 4 
and 5 respectively. It is readily seen that a primitive of this measure 
IS: 

F(x) = 3H(x - 2) - 2H(x - 4) + H(x - 5). 
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In this case the charges 3, -2 and 1 are g iven by t he jum ps of F at 

the disc ontinuity point s 2, 4 and 5 respec ti ve ly. 

3 --------------; -----, 
I 
I 
I 
I 
I 

2 - - --- - --- - --- �---- --------- ,-------.,....----------
I 
I 
I 
I 
I 

1 - ------------ �------- ------ --...., 
I 
I 
I 
I 
I 
I 

2 4 5 

In general, i t is pro ved th at the primitives of measures are the 
functions of bounded variation. So the measures may be c harac ter ­
ized as th e derivatives (in the generalized sense) of functions of 
bounded variation. 

1.5 Insufficiency of the theory of measures 

We have j ust s een that t he t heo ry of meas ur es affords a q uite 
satisfactory int erpr etati on of physic al schemes such as the 8-c on cept . 
But there are physical schemes which may not be inte rpreted in terms 
of measure s. For example, in the sym bo lic calculus of electricians, 

as well as in electrom agnetic theory, the use of such entities as the 

de rivat ives of 8, which are denoted by 8', 8", ... , are frequent. 
If 8' wer e a measure, then it would be the derivative of some 

fu nction F of bounded variat ion ; i. e.: 

8' = D8=DF. 

Hence, if we wanted t he usual rules for derivatives to hold, we 

should have D( 8 - F) = 0 and 8 should be of the form 8 = F + C, where 

C is a constant. But this is impo ssible since 8 is not a func tion of a real 

variable. So 8' (as well as 8", 8"', ... ) can not be considered as bei ng 
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a measure without renouncing the most elementary differentiation 
rules . 

For many cases, symbols like 8', 8", . . . , are only calculation 
devices, comparable to the imaginary numbers , which desappear af­
ter helping to find the solution of a problem. However, in other cases, 
these symbols are directly used for interpreting physical situations . 
For example, consider the system formed by two electric charges 
g and -g placed respectively at the points -h and h of IR. We then 
have a charge distribution on IR that is represented by the measures 
g�(x+h)-g�(x-h). Suppose now that h � 0 and g-++oo in such a 
way that 2gh tends to a finite limite P. Then: 

lim g[o(x+h)-�(x-h)] = lim [2gh o(x+h)-o(x-h) ]=P�'(x). 
h�O h�O 2h 

This being so, P�'(x) represents a kind of charge distribution that 
is not a measure ; it is called by physicists a dipole of momentum P 
placed at the origin. Analogously, �"(x), which may be described as 
the limit of the two dipole system [o'(x+R)-o'(x)]IR, as R-+O, is 
interpreted as a quadripole, and so on. But, of course, since such 
"distributions" can not be identified with measures, they require an 
adequate mathematical theory free from internal contradiction, ex­
tending the theory of measures. 

Furthermore, it must be observed that the preceding considera­
tions, that we have related for the sake of simplicity to the real axis ,  
IR, are extensible to any IRn space. For example, if n = 3, the bounded 
intervals I are parallelepipeds whose edges are parallel to the three 
coordinate axes . Then the measure concept may be defined as we did 
for IR; in particular the Dirac measures of IR3 may also be defined as 
we did for IR. For instance, a system of r material points of masses 
ml' . . .  , mr , placed at r points a I' . . . , ar of IR3 is represented by the 
measure: 

On the other hand, if x, y, z are coordinate variables,  we have 
then Dirac measures of one variable �(x), o(y), o(z). For example, 
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t5(x) t5(y), represents the measure that assigns' to each bounded in­
terval I of fR3 the area of the portion of the xy-plane that is contained 
in I. It is customary to consider the t5 - measure on fR3 as the product 
of the measures t5(x), t5(y), t5(z): 

t5(x, y, z) = t5(x) t5(y) t5(z) . 

Physics and the theory of probahility offer many concrete exam­
ples of measures that are not functions of one point. For instance such is 
the case of a charge distribution on fR3, which reduces to the charge on 
the surface of one conductor in electrostatic equilibrium; then we may 
have a superficial density function, but not a spatial density function .. 

Consider now the symbol Dzt5(x, y, z). It denotes the derivatives 
of the t5 measure on fR3 with respect to z that may not be identified 
with a measure and is called by physicists a dipole with the vector 
momentum (0, 0, 1 )  placed at the origin. 

Analogously, the symbol t5' (z) denotes the derivative of t5(z) with 
respect to z ,  which is called a doublet on the xy-plan;  a plate conductor 
electrified by induction suggests a scheme of this kind. 

These examples and many others that we could draw from several 
domains of mathematics ,  whether pure or applied, show the necessity 
of a theory of distributions . 

1.6. Distributions as formal derivatives of continuous functions 

Consider again the t5-measure on fR. We have seen that t5=DH 
where H is the Heaviside function assuming the value 1 for x > 0 
and 0 for x < O. In turn a primitive of H is the function J, such that 
J(x) = x for x � 0 and J(x) = 0 for x < O. Contrary to the Heaviside 
function, Y1 is a continuous function on fR. 

J(x) 
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Observe now that, in the sense of measure theory, H is the deri­
vative of J, but in the ordinary sense, we have only : 

H(x) = J' (x), for x � O  

since J, has no derivative at 0 (only the right-hand and the left-hand 
derivatives 1 and 0). Anyway, we have, in the sense of measure theory, 
� = DH and H = DJ, hence � = D2J. This suggests writing: 

5;,' - D 3J 5;,11 - D4J u - , u - , . . . 

so that � and its derivatives (whatever they may be) come expressed 
as derivatives of a continuous function on fR. 

This conclusion holds for any measure 11 on fR. In fact, a primitive 
F of 11 is always a function of locally bounded variation (hence inte­
grable on any bounded interval) ,  so that a primitive G of F is always 
a continuous function. Thus we have 11 = DF = D2G and in general : 

In this way, we are always brought back to continuous f�nctions,  
which are in general more manageable than measures or functions 
of bounded variation. So, the problem of constructing a theory of 
distributions can be formulated as follows (for the case of a single 
variable). 

Let us consider the set C of all continuous functions on fR and 
the set Cl of all functions f having a continuous derivative, f', on fR. 
We have Cl C C, but not Cl = C. So, to each function f in Cl, the de­
rivative operator D assign a function Df (or f') which may not be­
long to Cl. But if a continuous function does not belong to Cl, then 
f has no continuous derivative or even no derivative in the ordinary 
sense. 

"'" 

That being so, our purpose is to enlarge the set C, to a set C ,  by 
adding to it new objects iE- such a way that the operator D may be ex­
tended to the whole set C and that the ordinary formal properties of 

"'" 

D may be maintained as much as possible. The elements of C will 
be called distributions regardless of whether they are functions or 
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not. If such a set exists , then every continuous function f will have 
derivatives of all orders 

which must be distributions . 

c 

2 • • •  

Df/J 

In the next chapter this problem will be formulated more preci­
sely and discussed in detail . For the present it is enough to' empha­
size that the decisive role in defining and solving this problem will 
be played by the purpose of maintaining the following property of 
the derivation operator: 

If D f = 0, on an interval I, then f is a constant function on I. 

This implies the more general property: 
If Dnf = 0, on an interval I, then f is a polynomial of degree less 

than n, on I. 
It would be impossible to found an useful theory of distributions 

without requiring such a condition. In particular all uniqueness theo­
rems for differential equations will depend upon this pE,0perty. 

Obviously the problem of constructing the system C of all distri­
butions on IR must be extended to distributions on an interval I (or 
even a more general point-set) in any IRn space. This will be discuss­
ed in chapter 11 (for ri = 1) and in chapter VII (for n > 1). 



CHAPTER 11 

DISTRIBUTIONS O F  ONE VARI ABLE: 

FUN DAME NTAL CO NCE PTS. 

2.1. Terminology and notation 

We shall denote by IR the field of real numbers and by C the field 
of complex numbers. If a, b E IR, with a < b, then 

[a, b], la, b], [a, br, la, b[ 

denote the intervals with extreme points a, b defined respectively by 
the conditions 

a s; x s; b ,  a < x s; b, a s; x < b, a < x < b 

They are respectively closed, closed on the right, closed on the 

left, and open. All of them are bounded. 

An interval (or more generally any set of points of IR) is said to 
be compact if it is closed and bounded. By extension of language, 
any set that reduces to a single point a E IR is called a degenerate 

interval that is the interval [a, a]. However, by an interval we shall 
always mean a non-degenerate interval, unless the contrary is ex­
plicity stated. 

On the other hand, the symbols [a, + 00 [ ' la, + 00[ ' ] - 00, a] ,  
] - 00, a[ denote the unbounded intervals defined respectively by 
x � a, x > a, x s; a, x < a. 
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The first two are bounded on the left and the last two are bound­
ed on the right. The first is closed, the second is open, etc. 

Finally the unbounded interval] - 00, + 00 [ is the set IR itself; it is 
both open and closed (in IR). 

Let I be an interval in IR. We denote by C(/) - or by C if there is 
no danger of mistake - the set of all complex -valued functions f(x) 
of the real variable x which are defined and continuous on I. More 
generally, for any integer n > 0, we denote by cn(/) - or simply Cn -
the subset of C (I) formed by those functions f, which have a 
derivative, f(n), of order n continuous on I; in particular Co= C. The 
elements of cn(l) are said to be Cn functions on I. 

The term "function" will mean "complex - valued function" 
wherever the range is not specified. 

Instead of f(n) we shall often write D nf. This notation puts in 
evidence the derivation operator, D, which assigns to each function 
f E C 1 the function Df = ff E C .  So D n is the nth power of D. 

On the other hand, the symbol � denotes an integration operator 
defined by the formula: 

;sf (x) = ff(�) d�, for all fEe 
where c is an arbitrary fixed point in I. Then � is a mapping of the 
set C into C 1 C C such that 

D�f = f, for all fEC .  
This � is a right-inverse of D (but not a left-inverse) . More ge­

nerally: 

2.1.1 . Dn�nf = f, for all fEC, n = 0,1, . . .  

2.2. Axiomatic introduction of distributions. (1) 

Let I be any interval in IR; the system of all distributions on I can 
be described by the following system of fundamental properties: 

(1) The word "distributions" is used here with a meaning equivalent to that of "distributions of 

finite order" according to L. Schwartz. We shall further introduce the concept of "global 

distribution" which is equivalent to that of "distribution" in the sense of Schwartz. 
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AXIOM 1. Every function which is defined and continuous on I 
is a distribution on l. 

AXIOM 2. To every distribution f on I there corresponds one 
and only one distribution on I, which is called the "derivative of f" 
and denoted by D f, in such a way that, if f is a C 1 junction, then D f 
is the derivative of f in the ordinary sense. 

DEFINITION: The derivative of order n of a distribution f, 
which is denoted by Dnf, is defined as follows :  

DOf=f , Dnf=D(Dn-lf) ,  for n= 1 , 2, . . .  

AXIOM 3. To every distribution f on I there exists at least one 
integer n � 0 and one function F, continuous on I, such that f = D nF . 

AXIOM 4. If n is an integer, n � 0, and f, g are two continuous 
f£!,nctions on I, then we have D n f = D ng if and only if f - g is a poly­
nomial junction of degree < n. 

We denote by INo the set of all integers n � 0 and by ClPn' for each 
n E INo, the set of all polynomial functions of degree < n (restricted 
to I). Our immediate purpose is to prove that the preceding axioms 
are : 

10 consistent; i .e .  there exists at least one structure satisfying the 
axioms (a model) . 

20 categorical; i .e .  two such models are necessarily isomorphic . 
This will imply that any statement about distributions on I which is 
not false is a consequence of the axioms, and eventually of some 
supplementary definitions that have been introduced in order to 
simplify the language. 

We shall begin with the proof of categoricalness because it leads 
to a natural proof of consistency. 

PROOF of categoricalness - Suppose that there is a model M 
satisfying the axioms, i .e .  a set of objects f, g, . . .  , and an operator D 
such that, if we call these objects the distributions on I and Df, Dg, 
. . .  , the derivatives of f, g, . . . , then the axioms are satisfied. The 
axioms 1 and 2 along with definition 1 imply that, for any couple 
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(n, F), where n E1No and FE C, there exists one and only one dis­
tribution f=DnF (element of M).(2) Conversely, according to axiom 
3, for any f E M there exists at least one couple (n, F) with n E 1No ' 
FE C, such that f=DnF. 

However there exists more than one couple (n, F) satisfying this 
condition. Let (m, G) be any couple such that: 

2.2.1.  

and let k be any integer such that k � m, n. By axioms 1 and 2, defi­
nition 1 and property 2.2.1., we have: 

hence 

Dk (�k-n F)=Dk(�k-m G) 

and consequently by axiom 4:  

2.2.2. �k-n F _�k-m G E CJPk. 

Conversely, axiom 4 shows that 2.2.2. implies 2.2.1. These two 
conditions are therefore equivalent. (For example, if m � n, we can 
choose k= m, so that condition 2.2.1. is satisfied by all functions G 

of the form G = �m-n F + P, where PE CJP m). 
Now let us denote by [n, F] the class of all couples (m, G) �atis­

fying 2.2.2., i .e . ,  such that DmG=DnF, and let us denote by C the 
set of classes [n, F], with arbitrary n EINo' FE C. Then the corres­
pondance: 

[n, F] --:. DnF 
"-

is obviously a one-to-one mapping of C onto M such that: 

2.2.3. 

(2) Remember that we write C instead of C(l) for the sake of simplicity. 



19 

In particular, the correspondence: 

[0, F] � F 

.... 
is a one-to-one mapping of a subset C* of C onto C. Therefore, if we 

define : 

2.2.4. D [n, F]· [n + 1 ,  F] 

and we identify(3) each element [0, F] of C* with the function F itself 

by puting F= [0, F] = [ 1 , �F] = . . . , then C becomes a second model, 

consistent with the axioms, isomorphic to M according to 2.2. 3 .  and 

2.2 .4. .... 
Thus any model M satisfying the axioms is isomorphic to C and 

therefore, any two models M and M' are isomorphic (remember that .... 
the construction of C, based on 2.2 .2 . , is independent of the choice 

of M) .• 

PROOF of consistency - We have just seen that if there is a .... 
model M of the system of axioms then the set C, described above, 

exists too and is also a model. We shall now prove, without assuming .... 
the existence of any previous model M, that the set C actually exists 

and gives us a model of the system of axioms. 

Let us consider the set INo x C of all couples (n, F), where n E/No 

and FE C. Given two such couples (n, F) and (rn, G) we shall write: 

(n, F) .... (rn, G) 

if and only if there exists an integer k > rn, n, such that: 

2.2.5. �k-n F - �k-m G E rzp k • 

(3) By identifying [0, F] with F, we mean in reality that the symbol "[0, F]" and its equiva­
lents "[1, �F]", [2, �2F], ... , will denote from now the function F, i�stead of the class of 
couples [0, F] equivalent to (0, F). Thus the meaning of the symbol C is also changed. 
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It is easily seen that the relation " ..... " just defined is reflexive and 
symmetrical. We now prove that it is transitive. Observe first that if 
there exists an integer k � m, n satisfying 2.2.5 . , so does any other 
integer r, such that r?! m, n. In fact we find that : 

;sr-n F - ;sr-m G E rzp r 

by applying to both members of 2.2 .5 . the operator D k-r or ;sr-k ac­
cording to whether k?! r or k < r. So suppose: 

(n, F) ..... (m, G) and (m, G ) ..... (p, H). 

Then, if we choose r � m, n, p, we have: 

;sr-n F - ;sr-m G E rzp ;sr-m G- ;sr-p HE rzp r , r ' 

and hence, by addition: 

;sr-n F _ ;sr-p HE rzpr ' that is (n, F) ..... (p, H). 

So the relation ..... is an equivalence relation and, as such, it 
determines a partition of the set 1No x C off all couples (n, F) into 
equivalence classes. For each couple (n, F), we shall denote by 
rn, F] the class of �l couples which are equivalent to (n, F) and 
we shall denote by C the set of all of these classes (the "quotient" 

of 1No x C by ..... ) . 
The correspondence [0, F] � F being a one-to-one mapping of ..... 

a subset C* of C onto C, we can identify each .Element [0, F] of C* 
with F E C. Now, let us call the elements of C distributions on I . ..... 
So Axiom 1 is satisfied by C. 

Moreover, we shall call [n+ 1 ,  F] the derivative of rn, F] and we 
shall write: 

D [n, F] = [n + 1 ,  F] . 

According to this definition, there is only one derivative for ..... 
each [n, F] E C. Indeed, suppose [n, F] = [m, G]; this means that 
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(n, F) ..... (m, G ), i .e .  �k-nF - �k-m G E � k for any k � m, n ;  hence 

�(k+ I)-(n+ I) F _ �(k+ I)-(m+ I) G E � k+1 , 

that is [n + 1 ,  F] = [m + 1, G] which means that D [n, F ] =D [m, G ] .  
Moreover if f E  Cl, then D [0, f] = [1 , f] = [0, f'] = f', since 

f - � f' E � 1 • So axiom 2 is satisfied. 
On the other hand we have : 

.... 
[n, F] = D [n - 1 ,  F] = . . .  = Dn [0, F ] = DnF for every [n, F]  EC. 

So axiom 3 is also satisfied. 
Finally, if Dnf = Dng , with f, g E C, then [n, f ] = [n, g], that is 

�k-n f - �k-n g E � k , for any k � n. Choosing k = n, we see that axiom 
4 is also satisfied, as we have Dn f = Dng if and only if f - g E �

n 
.• .... 

Conclusion: We have just proved that the set C gives us a model 
of the preceding system of axioms . We could conceive many other 
such models , but this would have no essential interest since we have .... 
p!oved that such models are necessarily isomorphic to C. The model 
C itself, after having afforded a simple proof of consistency of axio­
matic system, will have no further interest. 

From now on, all that matters will be the rules of calculus of 

distributions: that is, the axioms 1 - 4 and the definitions that will 
be convenient to add to them, as well as the propositions implied by 
this system of axioms and definitions. 

In reasoning as well as in calculation, the distributions will be 
denoted by the notation "D n f" or by any other that be convenient. 
But it will no longer be necessary to think of a distribution as a class 
of couples (n, f). Observe that this situation is quite similar to the one 
connected with the successive extensions of the number concept. 

2.3. Rank of a distribution and further conventions 

For each integer n � ° we shall denote by C
n
(I) - or by C

n
, when 

there will be no danger of mistake - the set of all distributions f on 
I of the form: 
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f = Dn F, where F E  C(J). 

Observe that Co = C C Cl C C2 C ... . 
On the other hand, we shall denote by �(J) - or simply !?lJ - the 

set of all distributions on J. Thus !?lJ is the union of all the sets C/J): 

00 
!?lJ(J) = U Cn(J) (C o  = C) , 

n=O 

and accordingly we may use the alternative notation Coo for !?lJ. 

2.3.1 .  We say that a distribution f is of rank n if and only if (iff) n 
is the least integer such that f E Cn' 

For example, consider the Dirac 8-distribution which can be de­
fined as follows :  

2.3.2. 8 = D
2 J, with J = {O, for x < 0 . 

x, for x � 0 

So, 8 E C2• Suppose there exist a continuous function F, such 
that 8 =DF. Then DF=D

2
J, that is J = �F + P, with PE ClP'2' Hence 

DJ = F + P'. But this is impossible as F + P' is continuous and J has 
no continuous derivative (on IR). Consequently the rank of 8 is 2. 

It follows from this that '8(n) is of rank n + 2, for n = 1 ,  2, . . . . 

2.3.3. An interval J is said to be the domain of a distribution f iff f 
is a distribution on J ; i .e .  f E !?lJ(J) .  We also say that f is de­

fined on J. 

2.4. Addition of distributions 

The sum f + g, of two distributions f, g, on the same interval J, 
is to be defined so as to guarantee the following properties : 

Al. If f, g E C(l) , then f + g is the sum of the functions in the ordinary 
" 

sen..se. 

A2. Iff, g E!ilJ(l), then f+gE!!»(J) and D(f+g) =Df+Dg. 
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Suppose : 

According to the axioms (2.2), it is possible to represent f and g 
as derivatives of the same order of two continuous functions ; indeed, 
taking r � m, n, we have: 

Now, conditions Al and A2 imply 

So, 

2.4.3. f + g = DnF + DmG = D r (�r-n F + �r-m G) . 

In this way we assign to each couple (f, g) of distributions on 
/, at least one distribution on /, which is denoted by f + g. We shall 
next prove that there is only one distribution f + g ,  for each couple 
(f, g) ; i .e . , we shall prove the sum f + g does not dep�nd on the 
representation 2.4 . 1 .  of f and g. Indeed, consider another represen­
tation : 

f=DVlP, g=DJ.ltp, with v, J.1 EINo' fP, tpE C. 

Then, taking p � v, J.1 we get : 

Choose now k;;:: r, p. Then : 

Dr(F+G)=Dk(F*+G*), with F*=�k-nF, G*=�k-m G. 

DP(& +Vf) =Dk(fP*+ tp*), with lP*=�k-vlP, tp*=�k-J.ltp . 

But DkF*=Dk(�k-nF) =DnF = f and DkfP*=Dk(�k-VfP) =DVfP= f. 

Then Dk F* = Dk lP* and F* - fP* E �k . 
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Analogously DkG* = Dk tp *  and G*- tp *  E CfPk; hence 

(F* + G*) - (l/J*  + tp*) E CfPk' which means : 

Thus, we have proved that the sum f + g is uniquely defined for 
each couple ( f, g) . Besides, it is obvious that conditions Al and A2 
are actually satisfied by addition defined according to 2.4.3 . .  Hence 
addition in �(J) can be defined either implicity by the properties Al 
and A2 or explicity by formula 2.4.3 . .  Moreover, this operation is :  

I. Associative: ( f + g) + h = f + ( g + h), Vf, g, h E!!2J. 

11. Commutative: f + g = g + f, Vf, g E!!2J. 

Ill. Reversible: for any two distributions f, g on J, there exists 
one and only one distribution ; on J, such that f + ; = g .  

To prove these properties, it i s  sufficient to represent f, g ,  h as 
derivatives of the same order of continuous functions and to apply 
the corresponding properties of addition in C. 

The preceding properties I, 11, III along with the existence and 
uniqueness of f + g in!!2J, for all f, g E!!2J, can be expressed shortly 
by saying: 

2.4.4. !!2J is a commutative group with respect to addition. 

2.5. Multiplication by complex numbers 

The product, af, of a complex number a by a distribution f is to 
be defined so as to guarantee the two following properties : 

P1.·- Iff E C(J), then af is the product of a by f in �he ordinary 
sense . 

P2. - If f E !iJ(J), then af E !!2J(J) and D (af ) = a(Df ) .  

Suppose f = Dn F, with n E 1No ' F E  C. Then PI and P2 imply the 
explicit definition: 
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Thus to each couple (a, f), where aE C and f E C(/), there is 
assigned at least one distribution on I, which is denoted by af. It is 
easily seen that the product af is unique for each couple (a, f); i .e . , 
does not depend on the representation off. Moreover, it is quit trivial 
to prove that if f, g E 0(/) and a, f3 E C, then: 

I. a(f+g)=af+ag } 
f3 f3 

(distributive laws) 11. (a+ )f=af+ f 
. 

Ill. (af3)f = a(f3f) (associative law) 

IV.1·f=f· 

We have seen (2.4.4 . )  that 0(/) is a module, i .e . ,  a commutative 
group with respect to addition. As usual, this fact along with proper­
ties I-IV, can be expressed by saying : 

2.5.1. 0(/) is a vector space over C (or a complex vector space). 

On the other hand, the conjunction of the properties D(f + g) = 
=Df +Dg and D(af) = aDf is equivalent to the property : 

D(af+f3g) = aDf + f3Dg, Va, f3EC; f, gE0(/) 

and it may be expressed by saying : 

2.5.2. The operator D is a linear mapping of the space !iJ(/) into 
itself 

We shall further be concerned with the more delicate problem of 
defining the product of two distributions . 

2.6. Translation operators 

If f E C (I) , h E IR, then rh f is the function defined as follows :  

2.6.1 .  rh f (x) = f (x- h) 
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f Z- / .---

/i� 'thf 
h I I 
I 

I+h 

The graph of rh f is that of f translated by an amplitude h. In par­
ticular, the domain of 'rh f is the interval J = 1+ h. If h ;z! 0, we have I J 
if and only if I = fR. 

Thus rh denotes a one-to-one mapping of C(/) onto C( J), which 
is natural to call a translation operator. Accordingly, we shall call 
'rh f the h-translate of f. 

Taking 2.6.1. into account it is readily seen that 

rh (Df) = D( rh f) if f E C l (/) 

The extension of the operator rh to distributions is defined so as 
to generalize this property. So we set by definition: 

It is obvious that this formula actually defines a one-to-one map­
ping rh of §J(/) onto §J(J ) whose inverse is 'r_h• Besides, it is easily 
seen that for any hE fR, this operation is linear and interchangeable 
with D, that is: 
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The distribution Th 8, which we shall also denote by 8(h) is the 
Dirac distribution at the point h. 

Remarks about notation. If f is a function and x a point of its 
domain, the symbol f (x) denotes the value that f assumes at this point. 
When the point x is not specified, we are dealing with a variable and 
the expression "function f (x)" is generally used instead of "function 
f". Now, it must be remembered that this is an abuse of language 
which is certainly convenient in many situations, but which can lead 
to error in other cases , especially in functional analysis. In these 
cases it is advisable to adopt the convention consisting on writing the 
accent" over the variable which is then said to be an apparent or 
mute variable. So the symbols f, f(x), f(t), . .. , become equivalent. 
For example, the expression 3x2 + x is only a variable dependent on 
x; meanwhile the expression 3x2+x denote.s properly the function f 
defined by f (x) = 3x2 + x, for all x E IR. 

These conventions can be extended to distributions . If f is a dis­
tribution on I and x a point of I, then the symbol f(x) has generally 
no meaning for there is in general no value of a distribution at a 
point, as we shall see. But it is often convenient to use the symbol 
f(x) for denoting the distribution f. Accordingly, the distribution Thf 
may be suggestively denoted by f(x- h) . In particular, we may write 
8(x- a) for Ta 8 and more generally 

8(n)(x - a) instead of Ta 8(n). 

Frequently, we shall write f(x) instead of f(x) or f. It must be 
remembered however that this is an abuse of writing, which we can 
admit for the sake of simplicity, whenever no misunderstanding is 
possible . 

2.7. Restrictions operators 

If fEe (I), the restriction of f to an interval 1 C I is the function 
f* whose domain is 1 and such that: 

f*(x)=f(x), for all x E l. 
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We denote by PJ f the function f* , which is the restriction of 
f to J. 

It is obvious that the symbol PJ denotes a linear mapping of C (I) 
into C(J), interchangeable with D, that is PJ(Df) =D(PJf), for all 
f E C [(I) .  It is then natural to put by definition: 

Thus the operator PJ becomes a linear mapping of !?lJ(/) into 
!?lJ(J) such that: 

2.7.2. 

Observe, that the restriction operator PJ may reduce the rank 
of a distribution. For example, the distribution sin x - 3 8 + 8'( x - 3) 
which is of rank 3 on IR (cf. 2 .3) , becomes of rank 2 by restriction 
to ] -00, 3 [ and of rank 0 by restriction to ] -00, 0 [. 

Another property of the restriction operators , which is easily 
shown, is the following : 

2.7.3. If I, 1, K are three intervals such that I � J � K, then 

PKf=PK(PJf) , Vf E�(/). 

2.8. Collecting principle. Global distributions (or distributions 

in the sense of Schwartz) 

Let I[ and 12 be any two intervals in IR (distinct or coincident) . 
Then: 

2.8.1 .  DEFINITION. Two distributions, f E �(/[) and g E �(/2) 
are said to be equal on an interval Je/[ n 12 iff PJ f = PJ g. Then we 
write f=g on J. 

2.8.2. LEMMA. Let 1[ , 12 , be two open intersecting intervals in 
IR and fp f 2' two distributions on I[ and 12 respectively, such that 
f [ = f 2 on I[ n 12 . Then there exists one and only one distribution f 
on the interval 11 U 12 such that f = f 1 on 11 and f = f 2 on 12 . 
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PROOF. Suppose f, =D nF, and f2 = DnF2 with F]E C(ll ) and 
F2 E C(I2). Then F] -F2 equals a polynomial P of degree < n  on 
I] n 12, Therefore if we put F = F, on 1 1 and F = F2 + P on 12 , we de­
fine a continuous function F on I) U 12 , and the distribution f = D nF 
satisfies the condition of the lemma. Conversely, a distribution 
g = DqG satisfying this condition coincides necessarily with f, as is 
readily seen .• 

2.8.3. Collecting principle (1st form). Let I I , . .. , I n be n open 
intervals whose union is again an interval I, and let fl"'" fn be 
n distributions on /1 "", In respectively, satisfying the conditions 
fj = fk, on � n Ik , whenever � n Ik is not empty ( j, k = 1, 2, . . .  , n) . 
Then there exists one and only one distribution f on I such that f = fj 
on � for j = 1, . . . , n. 

PROOF. We can suppose the intervals I I , ... , In ordered in such 
a way that if j < k, then the left extremity of Ij precedes the left 
extremity of Ik or, if these extremities are coincident, the right 
extremity of � precedes that of Ik• Then, the successive unions 
I) U 12, (I) U 12) U 13, • • •  are again intervals , and we can achieve the 
proof by repeated application of the lemma along with 2.7.3 .• 

2.8.4. Remark. The conclusion is no longer true, if we consider 
an infinite system of distributions f l' f 2 , • • •  on intervals 11, 12"" 
instead of a finite system. For example, take : In = ] - n, n [ and 
fn=Pl [O(x)+o'(x-1)+···+O(n-I)(x-n+1)] for n = 1, 2, . . . . Since n 
the rank of fn is n + 1 for each n, there is no bound for the ranks of 
f l' f 2' . .• , and, therefore, there is no distribution f on IR, such that 
f = f n on In' for every n . 

But we can extend the collecting principle in the following way: 

2.8.5. Collecting principle (2nd form). Let A be any set of objects. 
Suppose that to each a E A is assigned an open interval I a and a 
distribution fa on I a' in such a way that: 

(i) the union of all these intervals is again an interval I; 

(ii) whenever two of these intervals, l a  and l p, intersect, then 
fa= fp on l a  nIp ; 
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(iii) there exists an integer r such that the rank of fa is s r for 
every a E A, 

Then, there exists one and only one distribution f on I such that 
f=faonla for every a EA, 

PROOF, The open interval I can be expressed as the union of a 
sequence of compact intervals KI C K2 C ' , . , Now, according to the 
Heine-Borel principle, there exists for each n a finite system of open 
intervals 1nl, ... , i:n, belonging to the given system (la) and covering 
K n that is such that: 

Besides , these intervals may be chosen so that in C in+l' for any n. 
Then I is again the union of the increasing sequence of intervals in . 

Let g: be the distribution of the system (fa)' assigned to i: , for 
every n=l , 2, . . . , and k= 1 ,  ... , Pn' According to 2.8 .3 . , there is one 
and only one distribution gn on in such that gn=&kon �kfor any n 
and k. On the other hand, by the hypothesis (iii) , there exists neces­
sarily for each n a function Gn E C(in), such that gn=DYGn . Since 
g n+l = gn on in for every n, it is easily seen that we can choose the 
functions Gn so that Gn +l = Gn on in for each n. But then it is obvious 
that there exists one and only one function G E C(l) such that G = G n 
on in for n = 1, . . . . Consequently, if there exists a distribution f on I 
such that f = fa on la for every a E A, then necessarily f = gn on in 
for n= 1 , 2, . . .  and therefore f=DYG. 

Conversely, the distribution g = DYG satisfies the condition g = fa 
on I a for every a E A. In fact, if we denote by g a the restriction of g 
to I a and if we put inko; = �k n la' whenever this intersection is not 
empty, then la is the union of all �k and we have g a = fa on each 0; 
interval �:. Hence, by the uniqueness property just proved, g a = fa; 
i.e . g = fa on la (for every a). So the proof is concluded .• 

Condition (iii) is obviously necessary in theorem 2. 8 .5 . How­
ever, the preceding example (2 . 8 .4 . )  suggests a generalization of the 
concept of distribution. First of all we shall consider more generally 
open sets in IR instead of open intervals. Remember that every open 
set Q in IR, is the union of a finite or countable system of mutually 
disjoint open intervals (the so-called components of Q). For the 
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same purpose, we could consider still more generally any set which 
results from any open set Q by adding one or more boundary points 
to Q. But this case reduces to the preceding one, as we shall see. 

2.8.6. DEFINITION. Let Q be any open set in IR and let us suppose 
that to each compact interval le Q is assigned a distribution f/ on I 
in such a way that for any two compact intervals 11 and 12 contained 
in Q, we have fll = f/2 on /1 n Iv whenever /1 n 12 is not empty nei­
ther degenerate. The system (f/) of distributions defined in this way 
is called a global distribution on Q, and Q is called the domain of 
f. The distributions f/ are the components of f· 

We shall denote by � ( Q) the set of all global distributions on Q. 
Given two elements , f = (fJ and g = (g/), of � ( Q), and a com­

plex number a, we shall define f + g (sum of f and g), af (product 

of a by f) and Df (derivative of f), by the formulas : 

f+g=(f/ +g/), af=(af/), Df=(Df/)· 

It is immediately seen that � ( Q) is a complex vector space with 
respect to the first two operations and that D is a linear mapping of 
� ( Q) into itself 

Observe now that to each continuous function f �n Q corre­
sponds the global distribution (f), where f/ is the restriction of f to 
I and that this correspondence i� a one-to-one linear mapping of 
C( Q) onto a subspace C( Q) of � ( Q) such that if f E Cl ( Q), then 
D(f/) corresponds to the derivative of f in the usual sense. Then, we 
can identify every function f E C(Q) with the corresponding element 
(f/) of�( Q) so that C ( Q) becomes a subs pace of�( Q) . 

In particular, Q may be an interval . Then taking 2 .8 . 5 .  into ac­
count, we see that the space �( Q) of all distributions on Q, can be 
identified, in the same way, with a subspace of � ( Q) .  

In the general case, we  shall call any element f of � ( Q) of the 
form f = D nF, with n E/No and F E  C( Q), a distribution on Q. It is 
easily seen that the set of all distributions on Q, which we shall 
denote by �( Q), is then a vector subspace of �( Q) .  

Distributions may be  called global distributions of finite rank. 

According, a global distribution which is not distribution is said to 
be of infinite rank. 
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The concept of restriction, as well as def. 2.8 . 1. ,  can be extended, 
in a natural way, to global distributions .  Then we can also extend to 
global distributions the Collecting Principle 2 . 8 . 5 . , considering more 
generally open sets instead of open intervals and suppressing condi­
tion (iii) . 

It should be observed that there exists actually global distribu­
tions of infinite rank. An example is suggested in 2 .8 .4 .  

2.9. Carrier of distribution 

Global distributions of infinite rank have rather a theoretical in­
terest mainly connected with the functional theory of L. Schwartz . 
So we shall hence forth confine our discussion to distributions . 

We say that a distribution f on a open set Q in IR is null on a 

open set 0 C Q iff f equals the zero function on o. 

2.9.1. LEMMA. The union of all open sets 0 where a distribution is 
null, is again an open set Qo where f is null (hence the greatest open 
set where f is null). 

PROOF. Let 10 be any component of Qo . Then 10 is an open in­
terval which is the union of a system (la) of open intervals where f 
is null . But the zero function is also null on all intervals of the sys­
tem. Hence, by the collecting principle (2. 8 .5 .) , f is equal to the zero 
function on 10 , and since 10 is any component of Qo ' it follows that f 
is null on Qo .• 

2.9.2. DEFINITION. Let f be a distribution on an open set Q in IR 
and let Qo ' be the largest open set where f is null . Then the set Q\Qo 
(complement of Qo in Q) is called the carrier of f. 

According to this definition, the carrier of f is always closed re­
latively to Q. In particular, if Q = IR, the carrier of f is a closed set. 

Examples : I - If f is a continuous function on IR, the carrier 
of f is the closure of the set of all points x, such that f(x) � o. Thus 
the function f, such that f(x)=sin x when sinx > 0 and f(x) = 0 when 
sin x :s 0, is a continuous function on IR whose carrier is the set of all 
points x such that sin x � O. 
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11  - The carrier of the distribution 3 8  + 8'(  x + 1 ) reduces to the 
isolated points 0 and - 1 . 

2.9.3. Proposition. The carrier of a distribution f on IR reduces to a 
single point a if and only if f is a linear combination of derivatives of 

m 
8(x- a) , J� cj 8(J1(x- a), where m is an arbitrary integer > 0 and 

co '  . . .  , Cm are arbitrary complex constants which do not all vanish 
together. 

PROOF. This condition is obviously sufficient. Let us suppose, 
conversely, that f is a distribution on IR whose carrier reduces to one 
point a. Then f is of the form f = D n F with F E  C(fR) and, since f = 0 
on the set of all points x � a, F is represented by two polynomials,  PI 
and P 2 '  of degree < n for x < a and for x >  a respectively. Hence, 
putting G = F  - PI ' P = P2 - PI , we have f = D ItG, with G(x) = P(x) for 
x >  a and G(x) = 0 for x < a .  Since F is continuous on IR, so is G and 
hence G (a) = P (a) = O .  Consequently, P must have the form: 

Put now, for k =  0, 1 ,  . . . 

X k = 
{x k, if x > 0 

+ 0 , if x < O  

n - l  
Then we have G(x) = k a

k
(x - a)!  and k! 8(x) = D k + lX! for k= 1 , 2, 

. . . . Consequently, putting n - 2 = m, (k + 1 )!ak + 1  = cm_ k ' we obtain 

m 
/ = D nG = � ck8(k) (x- a) . • 





C HAPTE R I I I  

S P ECIAL TYP ES O F  DISTRI B UTIONS 

3.1. Locally summable functions 

A function f is said to be locally surnmable on an open set Q in 
IR iff f is summable on every compact interval contained in Q. For 
example, the function x-1 (x-I )-1I3 is locally surnmable on the interval 
]0,  + 00 [ or even on the set Q of all points x � 0 ;  but it is not ' locally 
summable on IR, for it is not surnmable on any interval containing O. 
On the contrary, log I x I is locally summable (thought not summable) 
on lR. 

Instead of an open set, we may consider more generally any set 
which results from an open set by adding to it one or more of its 
boundary points. 

If f is a function locally surnmable on an interval I, we shall call 
a primitive of f any function F of the form : 

VxE I 

where c is an arbitrary point of I and K an arbitrary complex number. 
From the properties of the Lebesgue integral, the following theo­

rem is deduced : 
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3.1.1. If F is a primitive of a locally summable function f on I, then 
F is continuous on I and has a derivative a. e. (almost everywhere) in 
the ordinary sense such that: F' (x) = f(x) , almost everywhere on I. 

It should be observed that the converse of theorem 3 . 1 . 1 .  is not 
true. There are examples of continuous functions which have a deri­
vative a.e .  in the ordinary sense on an interval I and which are primi­
tives of no locally summable functions on I. 

The functions which are primitives of locally summable functions 
are said to be absolutely continuous. A direct characterization of such 
functions was given by Vitali . 

Theorem 3 . 1 . 1 .  suggests calling the function f a derivative of its 
primitive F. But then F would have, of course, infinitely many deri­
vatives (of 1 st order) . 

3.1.2. Two locally summable functions fl and f2 on I have the same 
primitive F if and only if fl (x) = f/x) almost everywhere on I. 

In such a case the functions are said to be equivalent and it is 
written fl "-' f2 (on I). 

It is readily seen that this is actually an equivalence relation. The 
class of all functions which are equivalent, in this sense, to a given 
function f, locally summable on I, will be denoted by [ f ] .  That being 
so, if F is any primitive of f, it will be natural to call the class [ f] 
the derivative of F and to write : 

DF= [ f ] .  

So the derivative of F is uniquely defined as one class of func­
tions instead of a single function. On the other hand it is natural to 
define the sum of two such classes [ f ] and [ g] and the product of [ f] 
by a complex number a according to the formulas : 

[ f] + [ g] = [ f + g] , a [f] = [af] 

It is readily seen that with these definitions the set of all such 
classes [ f ] becomes a complex vector space. Finally, if f is a con­
tinuous function on I, it is natural to identify [ f] with f, so that C(/ ) 
becomes a subspace of the preceding vector space. 
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However, it will be troublesome to have to speak throughout of 
classes of functions. To avoid this we shall use a simple device.  

Let f be any locally summable function on I and let us place : 

� d LX f (x) = - f(�) d� (with cE / ) .  
dx c 

'"'-' 

Then f is defined only at the points x of I for which the preced-
ing derivative exists in the ordinary sense. On the other hand, we 
have, of course : 

f ,..., f and f = f . 

'"'-' 

We shall call the operation f � f ,  standardization, and the 
� functions f such that f = f, standard functions . For example, the 

Heaviside function : { I , for x �  ° 
H(x) = 

0, for x < O 

is not a standard function . By standardization of H we obtain the 
standardized Heaviside function: '"'-' { 1 ,  for x >  ° 

H(x) = 
0, for x < O  

which is not defined at x = O. 
In particular, all continuous functions are standard functions . It is 

natural to replace any equivalence class [f ]  by the standard function 
'"'-' 

f belonging to this class .  
From now on, when we speak of locally summable functions , it 

will be understood that they are standard functions . We shall denote o 0 
by L (/) , or simply L ,  the set of all (standard) locally summable func-o 
tions on I. According to the preceding remarks, L is a complex vector o 
space and C is a linear subspace of L .  

3.2. Locally summable functions as distributions 

Let f be any (standard) locally summable function on I and let 
us denote by F one primitive of f: 
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F(x) = K+ ff(�) d� , (a E l, K E C ) . 

Since F is a continuous function on J, there exists a distribution 
which is the derivative of F. We shall denote by F ' (=f )  the deriva­
tive of F in the functional sense and by D F the derivative of F in the 
distributional sense. Subsequently, we shall identify DF with F ' , this 
identification being based on the. following theorem: 

o 
3.2.1.  THEOREM. By assigning to each function f EL (J) the dis-
tribution f* = DF where F is a primitive of f, there is defined a one-o 
to-one linear mapping of L (J) into !iJ(J) such that: 

(i) if f is continous on J, then f= f*; 
(ii) if f if absolutely continuous on J, then Df* corresponds 

to f ' . 

PROOF. First of all ,  it must be observed that the distribution DF o 
assigned to each function f E L does not depend on the choice of the 
primitive F of f. In fact, if G is another primitive of f, then F - G is  
a constant function, so that DF = DG. o 

Now consider two functions f, g E L ;  we have to prove that if, 
to j and g corresponds the same distribution, then f = g.  Let F, 
G be primitives of f, g respectively and suppose DF = DG. Then 
F - G  E CJP1 is a constant on J, and therefore, F and G have the same 
derivatives in the functional sense (as a standard function) , that is  
f = g· 

For the remaining parts of the theorem, the proof is  quite 
trivial . •  

This theorem shows that we can identify every distribution DF, 
where F is an absolutely continuous function, with the locally sum­
mable function j, which is the derivative of F in the functional sense 
3 . 1 . 1 .  We then write : 

DF =F '=f· 

Since every locally summable function f is a distribution, f will 
have derivatives of all orders (in distributions sense) . Conversely, 
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every distribution may be expressed in the form Dnf where n E  fNo o 
and f E L. For simplicity of notation, even if a locally summable 
function f is !!ot a standardfunction, we shall denote by D nf the dis­

tribution D n  f .  
For example, the 8 distribution may be defined as the derivative of 

the (standardized) Heaviside function, and we may write in general : 

3.3. Functions which are not distributions and pseudofunctions 

Consider for example the function � . Since this function is 
x 

continuous on the set of all points x � 0, it is a distribution on this 
open set. But it is not a locally summable function on fR, and as we 
shall next see, it may not be interpreted as a distribution on fR. This 
function is the derivative in the ordinary sense (not defined at 0) of 
all functions f of the form: 

or shortly : 

{ log l x l + Cl ' for x > O  
f(x) = 

log l x l + c2 ' for x < O  

f(x) = log l x l + aH(x) + b  

with a = CI - C2 ' b = c2 ' where Cl and c2 are arbitrary complex numbers . 

Now, contrary to � , any function f of this form is locally summable 
x 

on fR, hence it is a distribution on fR, whose derivative is : 

Df = D log l x l + a8 

where the symbol D log I x I denotes the derivative of the locally sum­
mable function log I x I on fR, in distributions sense. 
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Thus, there exist infinitely many distinct distributions on IR which 
are the derivatives of the functions f. But for any f, we have: 

Di = -l- ,  on the set 0/ all x ;z!  O. 
x 

Therefore the function � is a distribution on this set, but may 
x 

not be interpreted as a distribution on IR. 

The distribution D log I x I on IR is  called the finite part of -l­
x 

and denoted by Pi -l- .  But Pi � is not a /unction, as � is not a 
x x x 

distribution. (4) 

More generally the finite part of -l- is defined to be the dis-

tribution: 
x n 

1 (_ l )n - l "-
Pf � = Dnlog l x l , n = 1 , 2 , . . . . 

x n (n - l )! 

This belongs to an important class of distributions which are 
called pseudofunctions by L. Schwartz. We shall further see other 
examples of pseudofunctions .  

3.4. Measures and functions of bounded variation 

We have already discussed the concept of measure in chapter I. 
It is not dificult to see that an equivalent definition is the following : 

A measure ji is defined on IR iff to every bounded interval J in 
IR is assigned a complex number, called the ji-measure of J and 
denoted by ji (J) or jiJ, in such a way that: 

(4) The expression "finite part" is connected with the concept of finite part of certain diver­

gent integral which L. Schwartz used for defining this distribution . Note that th ere is 

no special reason to identify the function l /x with Pfllx rather than with a distribution 

Pf llx + ao, with a � O . 
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Ml. If J is expressed as the union of two disjoint intervals J1 and J2 , 
then: 

M2. If J is the union of the intervals J1 C J2 C . . .  , then : 

J.l (J) = Hm J.l (In) n -+ oo  

M3. For each bounded interval J, there exists a positive number m (J) 
such that for every partition of J into a finite number of intervals 
J1 , J2 ' • • •  , In , we have : 

n � 1J.l (Jk ) 1 s m (J) . 

Observe that the variable interval J which we are now consider­
ing may be a degenerate interval [a, a] . 

We can define analogously the concept of measure on any open 
set A C IR or even on a more extensive class. But then we must con­
sider bounded intervals 1, such that J C A. 

3.4.1 .  DEFINITION. If J.l is a measure on the interval I on IR, a pri­
mitive of f.1 will be any function F defined on I by putting : { k + f.1 [c, x] , if x � c 

F(x) = 
k -f.1 ] x, c[ , if x < c 

where c is an arbitrary point of I and k an arbitrary complex number. 

From this definition and M 1 follows : 

3.4.2. F(b) - F(a) =J.l ] a, b] , whenever a < b. 

On the other hand, from Ml and M2 we have : 

3.4.2. F (a) -F (a - ) = J.l [a, a] , for all a E I. 

To see this we consider the case c < a and it suffices to express 
[c, a [ as the union of a sequence of intervals [c, xn ] such that 
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c < X1 < . . .  < Xn < . . .  < a and xn� a. Then by M2: 

,u [c, a [  = Hm ,u [c, xn ] = lim F(xn ) - k = F(a -)-k . Formula 3 .4 .3 . is 
Xn -+ a  

analogously proved in the case a :s  c. 
Finally, from 3 .4 .2 .  and 3 .4.3 .  follows :  

F (b ) � F (a -) = ,u [a, b] 

3.4.4. 

F(b -) - F(a) = ,u] a, b [  

for every pair of points a, b in I such that a < b. Consequently : 

3.4.5. If,u is a measure on I and if F is any primitive of,u, then ,u is 
uniquely determined by F according to formulas 3 .4 .2 . , 3 .4 . 3 .  and 
3 .4 .4 .  

Now we need a characterization of the functions which are the 
primitives of the measures on I. Let F be such a function. From M l  
and M2 it can be easily deduced (as in 3 .4 .3 . )  that F(a) = F(a+) for 
any a E l ;  i .e .  F is continuous on the right at every point of I. In 
addition, M3 implies that to each compact interval J = [a, b] , there 
exists a number m (J) such that, for every partition of J by means of 
points a =xO < x1 < . . .  < xn = b, we have : 

n �l IF(Xk ) -F(Xk -l ) 1  sm (J) . 
But this means that F is  a function of locally bounded variation on I. 

Conversely, it is easily seen that these two properties are suffi­
cient to characterize primitives of measures . Thus : 

3.4.6. A necessary and sufficient condition for a function F on I to be 
a primitive of a measure ,u on I, is that F be of locally bounded vari­
ation on I and continuous on the right at every point of I. Moreover 
two such functions F] and F2 are primitives of the same measure ,u if 
and only if F] -F2 is constant on I. 
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We shall denote by 011 (/) ,  or simply 011 , the set of all measures 
on I .  The sum f.l + v of two measures and the product a f.l of a 
complex number a by f.l are defined by the formulas : 

(f.l + v)(J) = f.l (J) + v(J) ,  

(af.l)(J) = a(f.lJ) .  

-
for each bounded interval J such that J C l. 

Then 011 (/) becomes a complex vector space. 

3.5. Measures as distributions. Order of a distribution 

Let 1 be any (non-degenerate) interval on fR . Observe that to each 
o -

function f E L (/) and each bounded interval J such that J C I, there 
corresponds the number JJ f and this correspondence J � JJ f is a 
measure, f.lf ' whose primitives are just the primitives of the function o 
f. Thus, every function f E L (/) determines one measure f.lf E0R(/) ,  
and if f.lf = f.lg , then f = g, since f and g have the same primitives .  
Besides it obvious that f.l( f+g) = f.l f  + f.l g  and f.l af  = af.l f for any aE C. o 0 
Thus it is natural to identify each f E L (/) with f.lf so ihat L (/) be-
comes a vector subspace of 011 (/) .  

Now, remember that every function of locally bounded variation 
on 1 is Riemann integrable on each compact subinterval J C I; hence 
locally summable on I. Then taking 3 .4 .6 .  into account, it is easily 
shown that: 

3.5.1. By assigning to each measure f.l on 1 the distribution DF, where 
F is any primitive of f.l, there is defined a one-to-one linear mapping 
of 011 (/) into !2J(/) such that if f.l is a locally summable function f on 
I, then f.l corresponds to D F = f. 

The proof is quite similar to the one of 3 . 2 . 1 .  It should however 
be observed that the primitive F of a measure is not in general a stan­
dard function; but since ji is defined only at the continuity points of 
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F, with the same values ,  it is readily seen that the correspondence ,....,.., 
F -+  F ,  is one-to-one. 

Recording 3 .5 . 1 . , it is natural to identify every measure J1 on I 
with the distribution DF, where F is a primitive of /1 and to write 
/1 = DF. So mL(/) becomes a vector subspace of !!lJ(/) and more pre­
cisely of C2 (I) :  

o C C L C mL C C2 c !!lJ. 

For every integer n > 0, we shall denote by mL/I) the set of all 

distributions f such that f =Dn/1 with /1 E mL(/). It is obvious that 
00 

!!lJ = U mLn · 1 

3.5.2. DEFINITION. Given a distribution f on I the least n such that 
f E mL n is called the order of f. 

For example 0, which is a distribution of rank 2 (see 2.3 . ) is of 
order 0 (i .e .  is a measure) . In general o(n) is of order n .  

3.6. Product of a continuous function by a measure and the 

Stieltjes integral 

Consider f E C(l) and /1 E mL(l) .  Let J be any bounded interval 
such that iC I and let P be any partition of J into a finite number of 
(mutually disjoint) intervals Jp , , , , In • Denote by N(P) the greatest 
lenght of the intervals J1 ' • • •  , In • Let x k be an arbitrary point in Jk and 
put : 

n 
S/J) = k f(xk ) /1 (Jk ) 

• 

Then it is a classical result that Sp(J) tends to a finite limit, S(J) , 
as N(P) -+ 0; that is ,  to every 8> 0, corresponds an £ > 0, such that: 

N(P) < e  implies I S(J) - S/J) I < o. 
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Moreover, it can be shown that the correspondence J --? S(J) is a 
measure on I. 

This measure is called the product of f by J1 and denoted by f J1 .  
Thus, by definition: 

( fJ1 ) (J) = S (J) . 

Previously (1. 3 .1 . )  we have adopted the convention that the 
J1-measure of an interval J should be called the integral of J1 on J and 
denoted by f, J1 .  Thus:  

S (J) = (fIl ) (J) = L fll ·  

Remember that f, f J1 is  usually called the Stieltjes integral of f 
with respect to J1 . The notation f, fdJ1 is commonly used instead of f, f J1 ,  but that notation in the theory of distributions may induce in 
error. If F is a primitive of J1 ,  it is quite natural to denote the integral 
of f with respect to J1 by : 

L f(x) dF(x) , 

and since J1 = F ' (in the distribution sense) we could also write : 

L f(x) dF(x) = L f(x)F ' (x)dx = L fll · 

But then we should have: 

L f(x)dll(x) = L fll ' , 

and this is the integral of f with respect to the distribution J1 ' that we 
shall define later on. 

As an example, let us calculate f 8, where f E C(/R) .  If we con­
sider a bounded interval J such that ° E J and a partition P of J, into 
intervals J1 ' • • •  , In , then one and only one of these will contain 0, say 
� .  Thus for every choice of x k E Jk : 
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Therefore : 

n 
S/J) = � f(xk ) 8(Jk ) =f(x) . 

lim S/J) = lim f(x) = f(O) ; 
N(P) ...... 0 Xj --+ 0 

that is (f8)(J) = f (O), if 0 E J. It is easily seen that (f8)(J) = 0, if 
O $. J. Hence : 

3.6. 1 .  f8= f(0)8 . 

More generally : f(x)  8(x-a) = f(a)8(x-a) .  

3.7. Derivatives of peace-wise smooth functions 

We begin with the following proposition : 

3.7.1 .  THEOREM. Let f be afunction on an interval 1= ]a, b [ .  Sup­
pose that f is absolutely continuous on two intervals ]a, c[ and ]c, b [  
and tends to finite limits as x� c- and as x� c+. Then, df!noting by 
f '  the derivative of f in the ordinary sense (not necessarily defined 
at c) and putting s=f(c+) - f(c-) , we have: 

Df= [f ' ] + s8(x- c) . 

PROOF: Since f is absolutely continuous on ]a, c [  and ]c, b[  
and has finite limits f(c-) and f(c+) i t  i s  easily seen that [ f ' ] i s  locally 
summable on I.  Hence if we put: 

g (x)=f(c-) + f [ f ' l @ dq , \;/x E I 

the function g will be absolutely continuous on I and: 

" { f(X) , for a <x < c  
g = f ,  g (x) = . 

f(x) - s, for c < x < b 

Hence f(x) = g(x) + sH(x- c) and Df = [f ' ] + s8(x- c) . •  
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Consider now a similar situation concerning a finite number of 
points C l ' . . . , cp in I and put sk = f (c; ) -f (c; ) .  Then : 

Suppose more generally that: 
i) f has a derivative of order n > O . in the ordinary sense except for 

a set of isolated points, ck (k = 0, ± 1 ,  ± 2 , . . . ); 

ii) f (n- I ) is absolutely continuous on each subinterval of I not con­
taining any point ck ; 

iii) for every k = 0, ± 1 ,  . . . and every j = 0, . . . , n - 1  there exists finite 
limits f ( j )(c; ) and f ( j )(c; ) .  

Then it i s  easily deduced from 3 .7 . 1 . : 

+ 00  n- l 
3.7.2. Dn! = [j<n)] + � J� sln- l ) -j §( j )(x- c, ) , 

where sf = f ( j )(c;) -f ( j )(c; ) .  The last term in 3 .7 .2 .  (involving even­
tually a sum of infinitely many distributions) denotes the distribution 
whose restriction to each of the compact intervals J C I is the sum of 

n- l 
the distributions J� st1 )-i §( j )(x- c, )  where c, E l  (in finite number) . 

For example, it i s  easily seen that: 

D2 1 x l = 20 

D3 1 x2- 1 1 = 4 (0( 1 ) -
0

(_ 1 ) + 0�_ 1 ) + 0�1 ) 
4 

D2 (x 4/3 + I x l ) = _X-2/3 + 20 .  
9 

Remarks about notation: In the preceding considerations when 
it has been necessary to distinguish the derivatives of a function f in 
the ordinary sense from its derivatives in the distributional sense, we 
have used the notation f T  in the first case and Df in the second. But 
whenever no confusion is possible we shall consider f (n) and D n f as 
perfectly equivalent. 
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CHAPTE R I V  

M U LTI PLICATION A N D  CHAN G E  O F  VARIABLES 

4.1 .  Multiplication of a Cn function by a Cn distribution 

As we have seen, the concept of distribution was introduced in 
order to render the operation D always possible, though in a formal 
generalized sense. But as in the case of number theory, any advantage 
we gain in this direction is counterbalanced by the loss of some good 
properties . 

Multiplication of functions on the same interval is always fea­
sible ; in particular the product of two continuous functions is again a 
continuous function uniquely defined. But it is not possible to define 
the product of two completely arbitrary distributions, as to guarantee 
a minimum of properties giving some interest to such a definition. 

We shall try to define the product of two distributions f and g 
on an interval I in IR, as to guarantee, at least, the three following 
conditions : 

M1. The product of two distributions f and g on I, when it exists, is 
again a distribution on I (which can be denoted by fg or f · g ) .  
M2. If f,  g E C(/), then f g is the product of the functions f, g in the 
ordinary sense . 
M3. If the product f g and D f . g exist, then f· Dg exists and D ( f g) = 
= f · Dg + Df· g· 
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We shall see next that in the case when f E C n and g E Cn ' the 
product is implicitly defined by these conditions . More precisely : 

4.1 .1 . THEOREM. For any integer n ·� 0, it is possible in one single 
way to assign to each couple (f, g) where f E C n(/) and g E CnC/), a 
distribution f g E CnC/ ) not depending on n and satisfying the follow­
ing conditions : 

(i) Iff, g E C(/ ), thenfg is the product of the functions f, g in the 
ordinary sense, 

(ii) If f E c n+ l (/ ) and g E CnCI ) . then D ( fg) = f· Dg + Df· g. 

By these conditions, if f E c n(/ ) and g = DnG with G E C(/ )  the dis­
tribution fg is, for each n, uniquely defined by: 

PROOF. a) We shall first prove, by induction on n, that in order 
for conditions (i) and (ii) to be satisfied, the product of f E C n by 
g E Cn is necessarily given by 4. 1 .2 .  This statement is obviously true 
for n = 0. Suppose it is true for n � 0, we prove it is also true for n + 1. 
Let f E C n+ l ,  g = Dn+ 1G, with G E C ;  then by condition (ii) : 

D(f · DnG )  = f ·  Dn+ 1G + Df · DnG .  

Hence 

4.1 .3. f · Dn+ 1G = D(f · DnG) - f 'DnG . 

Now, by the induction hypothesis, we have: 

and 
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Hence by substitution in 4.1. 3 . and by applying the well-know 

property ( :) + ( k n 
1) = 

(n ; 1 ) we find: 

So the statement is true for n + 1 and consequently for all n � O.  
b) We now prove that for each n the product f g with f E C n and 
g E Cn ,  is uniquely defined by 4. 1 .2 .  Suppose g = D nG = D nG* ; then 
G - G* is a polynomial function P of degree < n  and: 

c) Now we prove that fg does not depend on n. Suppose g = D rtG = 
----

= Dn+ ! G , with DG = G (in the ordinary sense) . Then: 

---- ,.-...., ,.-...., 

and since f (k) G = f (k)DG = D(f(k) G) - f (k+ l ) G , we find as we did in a) : 

d) Condition (i) is obviously satisfied if we define fg by 4. 1 .2 . ,  n = O . 
As to condition (ii) , it is also implied by 4 . 1 .2 . , as can easily be 
proved by applying the property of the binomial coefficients as we 
did in a) . •  

Therefore, in the case f E c n(l) and g E Cn(I), the natural defini­
tion of the product is given by 4. 1 .2 .  

The conditions formulated in 4. 1 . 1 .  (equivalent to M 1, M2 and 
M3 in this particular case) were taken as a minimal request, in order 
to define implicity the product in this case. This product has most of 
the properties of the ordinary product except that it does not exist for 
all couples of distributions . 
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4.1 .4. THEOREM. Given any integer n � 0, any two functions 
qJ, ljf E C n(I) and any two distributions f, g E Cn(I) we have: 

(j ) ( qJ + ljf) f = qJ f + ljf f 
(jj ) 

(jjj ) 
qJ(f + g) = qJf + qJg 
qJ(ljff) = (qJ ljf) f· 

PROOF. For (j ) and (jj )  the proof is immediate. As for (jjj ) 
observe that, to each pair of functions qJ, ljf E c n  and to each distri­
bution f E Cn there is assigned the product qJ(ljff ) E Cn is such a way 
that: 

(i) If f E C, then qJ(ljff ) is the product (qJljf) f in the ordinary 
sense. 

(ii) If qJ, ljf E c n+ 1  then: 

D [ qJ(ljff )] = (qJljf) Df + D( qJ ljf) . f· 

By theorem 4. 1 .4 . ,  this is possible only if qJ(ljff ) = (qJ ljf) f. So the 
proof is finished .• 

Observe that, for any n > 0, the product qJljf is defined, for every 
couple qJ, ljf E C n and belongs again to C n; moreover, this operation 
is associative and distributive (with respect to addition) and commu­
tative. Thus for n = O, 1 ,  . . .  , Cn  is a commutative ring. But Cn  is also 
a vector space over the field C, and multiplication of vectors f E Cn  
by scalars A E C is related with multiplication of two vectors 
f, g E C n according to the rules : 

A (fg) = (Af )g = f(Ag) . 

All these facts can be expressed by saying that the ring C n is a 
commutative algebra over C. 

On the contrary, Cn , for n > 0, is not a ring, since the product f g 
does not exist for all couples of distributions f, g E Cn • But Cn is a 
complex vector space and, on the other hand, there exists one and 
only one product qJf for each qJ E cn and f E Cn , with properties (j), 
(jj) and (jjj). The conjunction of all these facts can be expressed by 
sayIng : 
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4.1.5. For each n,  C/I) is a module over the complex algebra c n(I) .  

We denote by C OO (I) ,  or simply C oo , the set of all infinitely diffe­
rentiable functions on I. Then C OO  is the intersection of the C n and it 
is again a complex algebra. 

On the other hand, we have adopted the symbol C
oo

(I) ,  or simply 
Coo , as an alternative notation for the set !!iJ(I) of all distributions on 
I. So Coo is the union of all vector spaces Cn • 

As it follows from 4. 1 .5 ." : 

4.1.6. COROLLARY. Coo(I) is a module over the complex algebra 
C OO(I) . 

Observe now that multiplication by complex numbers can be 
interpreted as a particular case of multiplication by C oo  functions . In 
fact, to each A E C corresponds a constant function X E C oo , defined 
on any interval I by : 

-A(X) = A for all x E I .  

-
It is obvious that the correspondence A ---;;. A is a one-to-one map-

ping of C onto a subset C of C oo such that if A ,  j.1, v E C, then: 
' 

-

A = j.1 + V �  X = ji  + v 
A =j.1V � X =  ji v . 

Moreover Af = Af for every f E !!iJ. 
Thus �e can identify each number A E cC with the corresponding 

function A E C oo  so that the field C becomes a subalgebra of C oo. The 
number 1 is identified with the constant function 1 which is the unity 
element of C oo. 

4.2. Extensions of the preceding concept of product. Examples 

We have seen previously (3 .6) how the product of a continuous 
function by a measure is defined. We have defined the vector space 
91ln(l) of all distributions of order s n on l. 
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Then we can replace condition (i) of the theorem 4. 1 . 1 .  by the 
stronger one: 
(i ' )  If f E C(l) ,  g E 'IJTL (I) . then fg is the product of the continuous 
function f by the measure g as previously defined. 

That being so, it is readily seen that theorems 4. 1 . 1 .  and 4. 1 .4 .  
can be immediately extended, by replacing Cn (I) by 'IJlln(I) ,  C(I) by 
'IJTL(I) and (i ) by (i ' ) . Thus : 

4.2.1. For each n, 'IJTLn(I) is a module over the complex algebra cn(I) .  

We can analogously define the product of  a function f such that 
f (n) E 'IJTL, by a distribution g E Cn . Then fg E 'IJTLn , but property Ujj ) in 
4. 1 .4 .  requires , in the present case, the additional assumption that 
(cpljf) (n) E 'IJTL in addition to the hypothesis cp(n) ,  ljf(n) E 'IJTL (which re-
places the hypothesis qJ, Ijf E cn ) .  

Another similar possibility concerns the product of a function f 
such that f (n) E L2 by a distribution g = DnG, with G E L2. Then fg is 
of the form Dn(!J, with (!J E Ll . 

Other variations can be imagined in a similar way. We have 
considered the product of a function by a distribution as though it 
were not commutative, but it is obvious that we did so only for the 
sake of convenience. 

4.2.2. In the preceding definitions of products, the order does not 
matter; i. e. , the product is commutative . 

We reach another natural extension of the concept of product by 
trying to satisfy the following supplementary condition, which is of 
course satisfied in the preceding cases : 

M4. If f and g are two distributions on an interval I and if f g exists, 
then the product of their restrictions to every subinterval J of I exists 
and: 

Suppose I is represented as the union of a system (la) of open 
intervals .  Denote by fa and ga the restrictions of f and g respectively 



55 

to la ' and suppose that fa ga exists according to one of the preceding 
definitions, (regardless of order) . Then, placing fa ga= ha ' one easily 
sees that : 

1 ) ha = hp on la n Ip ; 
2) there exists an integer v such that the rank of ha is less than v 

for all a .  Therefore by the Collecting principle (2. 8.)  there exists one 
(and only one) distribution h such that h = ha on each la . It is natural 
to place h=fg and it is readily seen that this new concept of product 
satisfies M4 as well as the preceding properties of the product hold­
ing for each interval la · 

We can, of course, consider any open subset Q of IR instead of 
the interval I, and even two global distributions instead of simple 
distributions . 

We have already seen (3 .6 . 1 . )  that f8= f(0) 8 for any continuous 
function f on IR. Suppose now that f E e  n(lR) .  Then by formula 4. 1.2. 
(with G E 011) and 3 .6 . 1 . , we obtain : 

4.2.3. 

More generally, for any a EIR: 

Observe now that condition f E e  n (lR) is not necessary for the 
existence of f8(1l)(x- a) ;  for that is sufficient, according to the last ex­
tension, that the restriction of f to some neighborhood of 0 be a e n 
function. (This condition can even be enlarged by using the concept 
of value of a distribution at a point defined later on) . In particular: 

and for a=b, this expression has no meaning according to the pre­
ceding definitions .  However physicists frequently consider such 
products as 88, 88' , etc . 
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4.3. Impossibility of defining an associative multiplication for 

arbitrary distributions 

We are going to show that: 

4.3.1. It is impossible to assign to every couple ( f, g) of distributions 
a distribution fg as to satisfy the following: 

(i) If f, g E C(I) then fg is the ordinary product, 
(ii) D(fg) = Df · g + f · Dg , Vf, g E §"(I), 
(iii) ( fg)h = f (gh) , V f, g ,  h E §"(I), 
PROOF. Suppose we have a multiplication satisfying ( i) and (ii), 

and consider the distribution Pf � = D log I x I (cf. 3 . 3 . ) �  Then 

Hence: 

x 
(PI ! ) . x =  (D log I x l ) x = D(x log I x I ) - log I x 1 = 

= D(x log l x l ) -D(x log l x l -x) =  1 .  

On the other hand, we have x . 0= 0 . 0= 0 and therefore 

(PI � )  (xO) = 0. 

Consequently, conditions (iJ and (iiJ imply 
[(PI � ) .  x ] 0 ",  

'" (PI � )  (xO) , which contradicts (iiiJ . 

This argument works for any interval I containing 0, if we con­

sider the restrictions of Pf � and 0 to I, and can be extended to any x 
interval in IR by a suitable translation of Pf � and 0. So 4.3 . 1 .  is x 
proved . • 
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It is clear that 4 .3 . 1 .  continues to be true if we consider only the 

space of all distributions of the form f =DF, with FEL(/) instead of 

the space !W(/) .  
It should be observed that difficulties connected with the concept 

of product are already found in the space L (I) since the product of 
two locally summable functions would not be locally summable . 

For example, the square of the locally summable function " � is -.L , 

which corresponds to infinitely many distributions on fR. 
vx  x 

H. KONIG proved that it is possible to construct in infinitely 
many ways an extension �(l) of .2?(/),�ith the linear operator D, 
so that to each pair ( f, g)  of elements of !W(/) , is assigned an element 
fg of �(/) as to satisfy some conditions like M2, M3 and M4. 
However it must be observed that : 

(I) in such an extension the product of two elements of !W(/) is 
not necessarily in !W(/),  ........ (11) the product of two elements of !W(/) does not in general 
exist, 

(Ill) multiplication is not associative, 
(IV) it is not possible to find, among all extensions, one that is 

"minimal " up to an isomorphism. 
Hence there is an irreducible indetermination in defining the 

product of two distributions. 

4.4. Linear differential operators 

Let ao ' at " . . , an be n +  1 functions on 0, an open set in fR. The 
n 

linear differential operator � ajDj (of order n) is usually defined by 

the formula: 

4.4.1. 
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where f i s  any function having a derivative on 0, in the ordinary 
sense, of order n. It is obvious that the same operator can be extend­
ed to any distribution f on 0 for which all terms exist. In particular, 
whenever the ajE Coo ; Then, the sum and product of two operators A 
and B of this form, defined by 

(A +B)f =Af+Bf, (AB)f =A(Bf) , 'VfE !?lJ(O) , 

are again operators of the same form. Moreover, it is easily seen that: 
n �.4.2. The set Q, o/all opera:ors o/the/orm � ajDj 

with ajE COO(O) , 
IS a complex non-commutative algebra. } -

The nth power, All, of an operator A E Q is defined by : 

As a commutative sub-algebra of Q, it should be mentioned the 
algebra Q* of all linear differential operators of finite order with 
constant coefficients, i .e . , the algebra of all operators of the form 

n 

J� ajDj, where ajE C. 

As we did for functions (4 . 1 .6 . ) ,  we can identify each A E C with 
the operator ADo, where DO is the identity operator, so that C becomes 
a sub algebra of Q* . For example : 

(D2 + 3 )f=D2f+ 3f, 'VfE !?lJ  
D2 + 3  = (D + iV3)(D - tV3 ) = (D - iV3)(D + iV3),  etc . 

n 
If the coefficients aj of an operator A = J� ajDj are not all in 

C OO(O), then A is not defined (in any sense defined until now) on every 
distribution on O. In this case, instead of the space of distributions, 
we can conceive other extensions of the space of continuous func­
tions by introducing new entities (which we shall call generically 
para-distributions) ,  as to render the operator A always defined. 
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This method is quite similar to the one for distributions in 2 .1 .  
Finally, we can consider linear differential operators whose 

coefficients are either distributions , like g and its derivatives, or 

functions which are not distributions, such as -.L ,  e ! , etc . .  
x 

4.5. Change of variable in distributions 

Let us consider a complex-valued function f defined on an open 
set O C IR and a real-valued function h, which maps O * C IR into O. 
Then h assigns to each point t E 0* , a point x=h(t ) in 0; in turn, 
f assigns to each x the complex number f(x) = f(h (t )). The corre­
spondence t� f(h (t )) is a complex-valued function defined on 0* 
which is called .the composition of f and h and denoted by f 0 h. 
Thus ( f o h)(t ) =f(h (t )) .  

The final operation f � f 0 h is said to be the change of variable 

(or the substitution) defined by h. In particular, this operation is 
feasible for all continuous functions f on O. 

Moreover if f and h are both C l  functions, we .can apply the chain 
rule : 

or 

4.5.1 .  

� f(h(t ))=f' (h(t ))h' (t ) 
dt 

( f o h) ' =h' ( f ' o h) . 

It should be observed that in this formula, two derivation operat-
0rs are involved; one operating on functions f E e  l ( 0) and the other 
on functions h E C l ( 0 * ) .  For the sake of convenience, we denote the 
first by Dx and the second by Dt • Thus we can write 4 .5 . 1 .  as follows :  

Df (f  0 h) = h' (Dx f 0 h) 

whence, supposing h' (t ) � 0 for all t E 0* , 
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4.5.2. 
1 (Dx f ) o h = --;;;- Dr Cf o h) . 

This formula can be expressed by saying: 

4.5.3. The change of variable defined by h transforms Dx into the 

differential operator _1_ Dt • 

h' 

More generally, let f =DnF, FE C( 0), be .a distribution. By 4 .5 .2 . ,  
we are induced to write formally : 

(D;Fo h) = ( �, D, )"cFO h) .  
Justification of this is given by the following 

4.5.4. THEOREM. IfF E C(O) and h E C  maps 0*  into 0 in such a 

way that _

1
_ E cn (o*) ,  then the expression (_1_ Dt )n(F O h) denotes 

h' h' 

a distribution in Cf) (O*). Moreover, ijD;F= DxmG, GE C(O) we have 

again ( �, D}FO h) = (tDJ(G O h) . 

PROOF. The first part is proved by induction. The statement is 
obviously true for n = O. Suppose it is  true for n � 0 and assume 

_

1
_ E cn+ l (O*) . 

h' 
Then, since 

- D  (Fa h) = - D  - D  (Fo h) ( 1 )n+ l  1 [( 1 )n ] 
h' t h' t h' t ' 

and the right side is the product of the function �, E C" + I (  0 *) by a 

distribution in Cn+ !  (0*) , the statement is also true for n+ l .  Hence it 

is true for every integer n � O. 



6 1  

The second part we can reduce to the case where 0 is an inter­
val . Suppose D;F= D'; G, with m ";! n and place l/J= r;sm-nF; then 
vml/J= DmG and l/J - G=P is in f!J> m ' By 4.5 .2 . ,  we find 

(_1 D )m(l/J O h) = (_1 D )n [(Dm-nl/J) o hJ = (_1 D )n(FO h) . h' t h' t x h ' t 

On the other hand: 

Hence 

4.5.5. DEFINITION. Under the hypothesis of theorem 4.5 .4 . ,  we 
shall write : 

and we say that the distribution f 0 h ,  defined by this formula, is the 
composition of the distribution f with the function h. We sometimes 
use the notation f(h( f )) .  

Now the following are easy to verify: 

(i) Iff E C(O) and h E C(O*) , then f o h  is the compound off with 
h in the ordinary sense . 

(ii) If f E C.(O) and + E Cn+ l (O *) , then D,U o h) = h' (Dx f o h) .  

(iii) 

(Chain rule). 
If f, g E Cn (O), A E  C and _1 E cn(o*) , then h' 

( f+g) o h = f o h  + g o h  and (Af )  o h = A(f o h) .  
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(iv) Iff E C/O) and h, k are C l  mappings of 0 *  into 0 and of 0 * *  

into 0 *  respectively, such that _1_ E cn(o *) and _

1
_ E cn(o * *) ,  

h' k '  
then (f o h) o k = f o ( h o  k) . (Associative law) . 

Examples I. Translation operators are the most simple examples 
of change of variable . In fact the translation 'faf of a distribution 
f is the distribution f(f - a) ,  composition of f(x ) with the function 
x = t- a . 

11. For any real k ;l!  0, and n > 0, we have : 

4.5.6. 

Indeed, putting x = kt, we find: 

since H(kt) = H(t) or H(kt) = 1 -H(t )  , depending on whether k > 0 or 
k < O. 

Ill . Let us see whether the change of variable defined by 
X= t2- c2, with c > O, is feasible on 8(x) . The function h (t) = t2- c2 

maps IR into [-c2, + 00 [ .  Also, h' (t) =2t, and 1 = _1_ is a Coo  
h' (t) 2t 

function on the open set 0 of all t ;l!  0 in JR. Hence the distribution 
8(t2- C2 ) of t is defined on 0 and: 

Now it is easily seen that: 

H(t2- c2 ) = H(t-c) + H(- t-c) = ' { o if - c < t < c  
1, if t < - c or t > c 
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Hence: 

1 1 5:(t2_C2 ) = - [D H(t-c) +D H(- t-c)] = - [D H(t- c) -D H(-t-c)] = u 
2t 

t t 
2t 

x x 

1 
= - [ 8(t-c) - 8(- t-c)] . 

2t 

But 8(- t- c) = 8(t + c) (cf. 4.5 .6 . )  and by 3 .6. 1 . : 

1 1 
- 8(t- c) = - 8(t- c) , 
2t 2c 

_1 8(t + c) =  _ _  1- 8(t + c) .  
2t 2c 

Consequentely : 

4.5.7. 1 
8(t2-C2 ) = - [ 8(t- c) + 8(t + c)]  for t � O. 

2c 
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CHAPTE R V 

TO PO LOG I ES ON SPAC ES 

OF DISTR I B UTIONS 

5.1. Limit of a sequence of continuous functions 

Let I be a compact interval in fR. Then, if f is any continuous 
function on I, the supremum of I f(x) I on I is a non-negative real 
number, called the norm of fE C(/) and denoted by I l f l l . 

I l f l l  = sup I f(x) I = max I f(x) l · 
x E I  x E I  

With this definition, the vector space C(/) becomes a normed 
space. 

5.1.1. A sequence fo ' . . .  ' fn , • • •  of vectors of C(/) converges in norm 
to a vector g of C(/) iff I l fn-gl l � O  as n � oo. Then we write fn� g 
in norm on I. 

It is well-known that this notion of convergence is  equivalent to 
that of "uniform convergence" on I. Remember that the sequence f n 
is said to converge uniformly to g on I iff for every 0> 0, there 
exists an integer N (depending on 8, but not on x), such that: 

I fn(x) - g(x) l < o , for all n > N  and all xE/. 
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Remember also, that uniform convergence is a sufficient con­

dition for the limit operation to be interchangeable with the integral 

operator. 

5.1.2. If the sequence of continuous functions f n converges uniformly 
on I to a (continuous) function g and if c is any point of J, then the 
sequence of (continuous) functions 

Fn(x) = ffn(; )d; (n = 1 , 2, . . .  ; xEI ) 

converges uniformly on I to the function G(x) = iXg (;) d; . 

To see that, it is sufficient to apply the hypothesis observing 

that : 

I I;;(x)-G(x) l s J:i fn(;)-g(;) i d;s I I I  �::fl fn(;)-g(;) 1 s 1 1 1 1 1  fn-g l l< I I I I� , 

if n is such that I l fn-g l l <  I� , where I I I denotes the lenght of /. 

Thus, if we put :Jf(x) = ff(; ) d; , for any fE C(I) ,  we can ex­

press 5 . 1 .2 .  by the formula: 

5.1.3. lim (�fJ = � (limfn ) ' whenever fn� g in norm (or by saying : 

the operator � is continuous on the normed space C(l)) .  

On the contrary, the operator D is not continuous on the sub­

space C1 (J) of C(J) ,  with the same norm. For example, consider 

fn(x) = 1 sin (nx) , for n = l ,  2, . . .  , then sup l fn(x) 1 =  1 on IR for any n, n n 
so that fn converges to 0 uniformly on every compact subinterval I 
(even on IR) ;  but the sequence of derivatives f � (x) = cos nx does not 

converge uniformly (or even point-wise) on any compact interval !. 
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The space !fif(/) was constructed (2.2 . )  in order to make the 
operation D

n 
always feasible, on continuous functions . Our next 

purpose is to define a suitable topology on !fif(l) so as to render the 
same operation continuous. 

For that purpose, we begin with the concept of convergence of 

distributions . 

Notation. In all subjects about limits , we shall use the symbol "�" 
as an abbreviation of "converges to" , "tends to" or "approaches". 

5.2. Limits of sequences of distributions 

Let us consider first a compact interval I on fR. The concept of 
convergence for sequences of vectors in the space !fif(l) ,  is defined 
so as to guarantee at least the two following properties :  

L1. If a sequence of elements io ' • . •  ' in ' . . .  E !fif(/) converges to an 
element g of !fif(l) then the sequence of derivatives Dio ' · · · ' Din ' . . .  
converges to Dg; that is : 

in � g implies Din � Dg .  

L2. If a sequence of functions in E C(/) converges uniformly on I to 
a function g E C(/) then in � g in the distributional sense (i. e. ac­
cording to the new concept which we will define). 

From L 1 and L2 it follows immediately that if a sequence of 
functions inE C(/) converges uniformly on I to g then DPin� DPg , 
for any integer p. 

5.2. 1 . DEFINITION. We say that a sequence of distributions in on I 
converges (or tends) to g E !fif(l) iff there are a fixed integer p, a se­
quence of functions Fn E C(l) and a function G E C(/) ,  such that: 



68 

(i) f. = DPF for all n '  n n ' , 

(ii) g = DPG ; 

(iii) Fn converges uniformly on I to G. 

It is obvious that this definition satisfies L 1 and L2. Therefore, 
we shall see that: 

5.2.2· lf  in � g and in � g *, then g = g *. 
In fact suppose : 3p, q E INo ' sequences Fn , Fn* E  C(l) and 

G, G* E C(l) such that: 

G) f. = DPF = D qF *  for all n '  n n n ' , 

Gj) g = DPG and g * = D qG * ; 

Gjj) Fn and Fn* converge uniformly on l, to G and G* respectively. 
Assume for example p � q and set 

P - F C"A p -qF * .j: - 0 1 - - �  lor n - , , . . . . n n n 

Then by G) ,  every PnE oCfPp and according to 5 . 1 .2.  �d Gjj ) Pn 
converges uniformly on I to the function Q = G - C;Sp -qG* . Hence 
Q E CfPp and according to Gj) ,  g = g * . •  

Remark. We have here used the well-known property : "If a se­
quence of polynomial functions 1!n of degree < r is convergent at, at 
least r distinct points Xl ' " ' '  xr ' then 1!n converges to a polynomial 
function 1! of degree < r at every point X (even uniformly on every 
compact interval)" . This property can be proved with the aid of the 
Lagrange interpolation formula; remember that: 

r 
1!n(x) �l ({J/x) 1!n(xk ) ,  where 

(X-X ) . .  · (x-x )(x-x ) . . .  (x-x ) 
({Jk(X) = 1 k-l H I  r 

(X -X ) . .  · (x -X )(X -X ) . . · (X -X ) k I k k- l k H I  k r 
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Then by putting ck = Um nn(xk) for k= I ,  . . . , r, we have n 
r 

li,: nn(x) �1 c/Pk(x) for every x E fR, and therefore the limit is the 

r 
polynomial n(x) �1 C/Pk(X), of degree < r. On the other hand, if we 

put for every compact interval I, M(I) = max i lPk(x) I in I, we find: 
x, k 

r 
I n/x)- n(x) I sk� M(/) I nn(xk)-ck l , 'tIx E/ , n =  1 ,  2,  . . .  

and this shows that nn � n uniformly on I. 
This property can be expressed by saying : for all integer r, the 

set CZPr is closed in the normed space C(/) .  

5.2.3. DEFINITION. If fn � g in !?fl(/), we say that g is the limit of 
the sequence fn and we write g = limfn· 

Observe that the uniqueness of the limit is assured by 5 .2 .2 . , 
which in turn is a direct consequence of definition 5 .2 . 1 .  

Now it is readily seen that: 

5.2.4. If fn� f* and gn� g *  In �(/) and if a, f3 E e, then 
afn + f3gn � af* + f3g *; hence lim (afn + f3gn ) = alimfn + f3limgn · 
More generally, this is also true if a and f3 are C oo functions on I. 

Let us now consider any open set Q in fR . 

5.2.5. DEFINITION. We say that a sequence fn in �(Q) converges 

to g in �(Q) iff for every compact interval I E Q, the sequence of 
distributions P[fn converges to PIg in �(/) according to definition 
5 .2 . 1 .  

It is a simple matter to extend properties L l ,  L2, 5 .2 .2 .  and 5 .2.4. 
to this new concept. For 5 .2 .2 .  apply 2. 8 . 5 .  The uniqueness property 
enables us to write g = lim f n iff f n � g also in this case. 
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Observe that definition 5 .2 . 5 . extends immediately with the 
same properties, to the space !!lJ(.Q) of global distributions on .Q 
(cf. 2 .8) .  For example, we can represent by 

the global distribution considered in 2 .8 .4 .  

5.3. Convergence in the mean and convergence in distributional 

sense. Examples. 

Let us consider again a compact interval I. In the vector space 
L (/), of all summable functions on I, the norm 1 1  f i l l of a vector f is 
usually defined by : 

A sequence of vectors f n in L (I) is said to converge in the mean 

to a vector g in L(/) iff 1 1 fn-g I I I � o. 
5.3.1 .  If a sequence of functions fn in L (/) converges almost every­
where (a. e. ) in I to g and if there exists a number M such that 
I fn(x) l s M for all n = O, 1 ,  . . . and all x in I, then gE L (/) and in con­
verges to g in the mean. 

This is an immediate consequence of the Lebesgue theorem. 

5.3.2. If in converges in the mean to g, then fn converges to g in dis­
tributional sense. 

PROOF. Suppose that f I f  -g l �o and put F (x) = fXf (g) dg , Jl n n Jc n 

G(x) = f g(g) dg , where c El. Since 
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it is seen that Fn� G uniformly . on I .  As fn=DFn and g =DG, it 
follows that fn � g in distributional sense . • 

Example. Consider the sequence of functions :  

1 n fPn(x) = 1C 1 + (nx)2 ' (n = O, 1 , . . . ) .  

Then, if we put lP (x) = fx qJ, (g) dg for n = O, 1 ,  . . .  and all x in IR, we n Jo n 

have cPn(X) = ( �) arctan (nx) and hence : 

1 I lPn (x) 1 :S "2  ' for n = O, 1 ,  . . .  and any xEIR, { 112 , if x>O  
lim lPn(x) = 0 , if x=O  n-- oo  -1/2 , if x<O. 

0.5 

-0.5 

So lP/x) converges at every point x of IR, except zero, to 

the function H(x)- � .  Therefore, according to 5 . 3 . 1 .  and 5 .3 .2 . ,  cP, 
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converges in the distributional sense to H(x) _ l on every compact 
2 

interval in IR, and hence on IR, according to definition 5 .2 .5 . But 

£Pn = D cPn for every n.  Hence £P • ....,. D ( H - D = 8, that is 8= lim £P • .  

- - -

.".. - - -
- - -- - - - ... - - - .. - - - - - ... .. ... .. .... ...... ..... 

- - - - - - -::..- ::. - ;.  -.=. -; -... -- /- .::. - - -- - - - - - - - - . - - - --:, -.... -- ... -:..: -:: -=-.- :.: :...- --- --- - -- - -- - - -

More generally, since ({In is a C Cl:) function on IR for each n, we have: 

8(k) = lim ({J�k\ for n = O, 1 ,  . . .  
({In � 8 � ({J: � 8 '  � ({J;' � 8"  � . . . � ((J�k)� 8(k) .  

So the distribution 8(k) is expressed as the limit of a sequence of C Cl:) 

fi ·  (k) (k) unctlons, ({Jo , . . .  , ({In , . . . • 

5.4. Inductive limits ; (LN*)-spaces 

Till now, we have only defined a concept of convergence for 
sequences of distributions. In order to define in the preceding spaces 
of distributions a suitable topology leading to that concept of 
convergence (which is however sufficient for the following chapters) 
we need some special notions and results concerning the theory of 
locally convex spaces . 
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Consider a vector space E, a family (E)aEA of vector spaces 
over the same field (lR or C )  and let fPa be, for every a EA, a linear 
mapping of Ea into E. Suppose that, on each space Ea is defined a 
locally convex topology 'fa (not necessarily Hausdorff) .  Then it is 
easily seen that among all locally convex topologies for which the 
mappings fPa are continuous for all a, there exists one 'f*  which is 
stronger than all the others . (A fundamental system of neighbor­
hoods of 0 for 'f *  may be the family of all circled convex and ab­
sorbing subsets "D of E such that for every a,  fP� l ("D) is a neighbor­

hood of 0 for 'fa) . That being so, 'f * is said to be the inductive limit 

of the topologies 'fa · 
In particular, E may be the union of all Ea and fPa the injection 

(identity mapping) Ea -::. E. Then E( 'f *) is said to be the inductive 
limit of the spaces Ea( 'fa) . In this particular case 'f*  is the strongest 
locally convex topology on E, inducing on each Ea ' a topology 
weaker than 'fa . 

5.4.1 .  DEFINITION. A locally convex space E is called a (LN*) 

space iff E can be represented as the inductive limit of a sequence 
El ' . . . ' En ' · · ·  of normed spaces such that: 
( 1 )  En CEn+l '  for all n, 
(2) the injection En -::. En+ 1 is, for all n, compact (which means that 
all bounded sets in En are relatively compact with respect to the nonn 
of En+1) . 
Such a sequence En is said to be regular. 

5.4.2. LEMMA. For every regular sequence (E) or normed spaces, 
there exists an increasing sequence (FJ of Banach spaces such that: 
( i) every bounded closed set in Fn is compact in Fn+1 ; 
(ii) fior all n, E C F  CE +1 and the in iections E -::. F , F -::. E l ' are n n n '.J n n n n+ 
continuous. 

PROOF. Let E be the inductive limit of (E) . For every n, denote 
by 1 1 · l l n the norm in En and set 

00 
Bn= {x : I l x l l n < 1 } ; i(= closure of Bn in En+1 ; En= U kEn . 

k = l 
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As the injection En ----;;. En+ l  is continuous for all n, we can suppose that 

the norms 1 1 · l l n have been chosen so that BnCBn+1 ; i .e · l l x l l n � I l x l l n+ l for 

all n. Then B C B  CB +1 '  Since B is circled and convex so is B , and n n n n n 
----

therefore En is a vector subspace of En+1 • Besides , if we place 

----

gn(x) = inf{p > O : x EpBn } , VxEEn , 

gn will be a norm defined on En (since BnCBn+1) . Thus Fn=En be­

comes a normed space and (ii) follows immediately from the double 

inclusion B C B  CB I for all n. Moreover, every bounded closed set n n n+ 
H in Fn will be compact in Fn+l '  since there exists p>O such that 

HCpBn and Bn is compact in En+l hence in Fn+l (which induces in 

En+l a weaker topology) . It can be also proved · that the spaces Fn are 

complete, but that is not required for the following applications . •  

Observe that according to condition (ii) , the sequences (EJ and 
(FJ have the same inductive limit. 

In the following propositions, (EJ denotes a regular sequence, E 

the inductive limit of (En) '  hence a (LN*) space ; 1 1 · 1 1  n denotes the 

norm of En ' Bn = {x : I l x l l  < I } . 'l'n is the topology on En given by 1 1 · l l n 

and 'l'oo the topology of E (inductive limit of the topologies 'l'n ) ' We 
can assume without loss of generality that BnCBn+ 1 for all n and that 
Bn is compact in En+l (according to the lemma). That being so 

5.4.3. THEOREM. A set H is closed in E ifffor every n, Hn En is 'l'n 
closed. 

PROOF. a) Suppose H is closed in E. Since 'l'n induces in each 

En a topology weaker than 'l'oo ' Hn En must be 'l'n-closed. 

b) Suppose Hn En is closed in En for all n and H is non-empty (if 

H= 0, the statement is obvious) . Let Xo be any point of E such that 

Xo f!:. H. We must prove that there exists a 'l'oo neighborhood of Xo whose 
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intersection with H is empty. Since xoE E= U En and H� 0, there 
n 

exists at least one p such that xoEEp and H n Ep� 0 . We may assume 
without loss of generality, that p = 1 .  Now it suffices to show that 
there exists an increasing sequence of circled, convex sets UI ' U2 , • • •  

such that for all n :  
(i) Un i s  neighborhood of 0 in  En ' 
(ii) Xo + Un does not intersect H. 

00 
In fact, if such a sequence ( Up ) exists , then Xo + U Un will be a 

1 

xo-neighborhood of 0 (by the definition of inductive limit) which 
does not intersect H by virtue of (ii) . 

Since H n EI is  closed in El ' and xoE EI we can choose a ball HI 
of center 0 in El ' such that xo + UI does not intersect Hn EI • Suppose 
now that we have already chosen n sets UI , . . .  , Un ' satisfying the 
preceding conditions .  Then Xo + Un is compact in En + l , and does not 
intersect H. On the other hand, Hn En +1  is closed in En +l . Therefore 
the distance � between xo + Un and Hn En +l , in the normed space En + 1 

must be > 0. We set �+ I = {x :  I l x l l n+ l < ;} and Un+ 1 the circled convex 

hull of Un U '-':+1 '  Then Un C Un+1  C Un U '-':+1 '  so that Xo + Un+ 1  cannot in­

tersect H, the distance between U U V I and H n E  I being � 
8n in n n +  n +  
2 

En+l · On the other hand, since Un and '-':+ 1 are bounded in En+ l , so is 
their circled convex hull, that is Un+ l •  Finally, as '-':+1 is a neighbor­
hood of 0 in En+ l , so is Un+1 � '-':+1 ' Thus all the preceding conditions 
are satisfied by the sets UI , • • •  , Un+ 1  and the theorem is proved by 
induction on n . •  

5.4.4. COROLLARY. Every (LN*) space is a Hausdorff space. 
In fact, the theorem implies that every set reducing to a point is 

roo -closed. 
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5.4.5. COROLLARY. Let F be any topological space. Then a map­
ping qJ :E � F is reo continuous if! its restriction to each En is a 'fn -con­
tinuous mapping of En into F. 

PROOF. Suppose qJ is 'feo continuous and let M be any closed 
subset of F. Then qJ-I (M) is reo closed and hence qJ-I (M) n En is rn 
closed. The converse is analogously proved . •  

Remark. This corollary is equivalent to the theorem itself. What 
the theorem means is that among all topologies in E, (not necessarily 
locally convex),  inducing on each En a topology weaker than rn ' reo 
is the strongest one. 

5.4.6. THEOREM. A set H is bounded in E if! there exists an integer 
p, such that H is contained in Ep and bounded in this normed space. 

PROOF. a) Suppose H is contained and bounded in Ep ' and let 
V be any 'feo neighborhood of 0 in E. Then V n Ep contains a � -neigh­
borhood of 0; i .e .  there exists an t:> 0 such that t:BpC V n  Ep ' On the 
other hand, H being bounded in Ep implies that there exists a p > 0 
such that HCp (t:Bp ) '  Hence HCp V; i .e .  H is absorbed by any 
reo -neighborhood V of 0 and therefore is bounded in E. 

b) Suppose now H is bounded in E, and put 

Cn= {x : I l x l l n< n } = nBn . 
We are going to show that H is contained in one of the open 

balls Cn • Suppose this is not true. Then it will be possible to take in 
H a sequence of points Xl " ' "  xn " " such that xnft. Cn for all n. Now 
by a technique similar to the one used for theorem 5 .4 .3 .  we are 
going to prove the existence of a sequence UI C U2 C . . .  of circled 
convex sets such that: (i) Uk is a bounded and closed neighborhood 

o 1 
of 0 in Ek contained in Bk for all k ;  (ii) - xn ft. Uk for all k and n. For 

n 
1 0 

example, take � = 2, BI ; since xn ft. Cn= nBn and BI C Bn for all n, 

1 
then - xn ft. UI for all n. Suppose that we have already chosen k sets 

n 
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� , . . .  , Uk satisfying the preceding conditions and place: 

1 
Then Mk is a closed set in Ek+1 which contains all points - xn and 

n 
does not intersect Uk , according to (i) and (ii) . On the other hand, Uk is 

compact in Eh1 . Hence, if we set q= dist (U" M,), v,= {x : I l x 1 1 ,< �} 
and �+1 = circled convex hull of UkU Vk ' we can prove, as in theorem 
5.4. 3 . ,  that �+1 is a circled convex hull compact in Ek+2 contained 

o 1 
in Bk+1 , and it is obvious that - xn � �+1 for all n. Thus the existence 

n 
of a sequence satisfying (i) and (H) is now proved. 

00 
Now it is readily seen that the set V U Un is a 'oo-neighborhood 

1 
1 

of ° such that - xn � V. But then, for every p > O, we should have 
n 

xn �pU for all n > p and this is impossible, the set H being bounded 

in E. Consequently, there exists at least one p such that He Cp , 
which implies that H is contained and bounded in Ep . •  

5.4.7. COROLLARY. A sequence (xn) of points of E converges to a 
point x of E if and only if there exists a p such that all the points xn 
and x belong to E and x �x in E . p n p 

PROOF. a) Suppose there exists p such that xn � x in Ep . Then, 

since '(x) induces on Ep a topology weaker than -z;" xn � x in E. 
b) Suppose xn�x in E. Then the set X {xn } n EIN U {x}  is bounded 

in E and so there exists an r such that X is bounded in Er . Hence the 
aderence X of X in Er+l is compact and, according to a general theo­
rem of Topology, '(x) induces on X the same topology as does 'r+l . So, 
as xn � x in E, we can conclude that xn � x in Er+1 • • 
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5.4.8. COROLLARY. If E is infinite dimensional, then E is not 
metrisable. 

PROOF. Suppose E is metrisable . Then there exists a funda­
mental system 't) of neighborhoods of 0 in E which is countable : 
't) = { � , . . .  , � ,  . . .  } . Now at least one of these neighborhoods must 
be bounded in E; otherwise there would exist, for each n, an xn E �l o 
such that xn tl. Cn= nB (by the theorem) and thus (xn ) would be a se-
quence converging to 0 and unbounded, which is impossible .  Let � 
be a neighborhood of the system 't) which is bounded in E, then � is 
bounded in Em for some m and hence relatively compact in Em+ l • As 
� is also a neighborhood of 0 in Em+ 1  ' it follows that Em+ 1  is  finite di­
mensional and E I = E 2 = . . . = E since V is a neighborhood of 0 in m+ m+ p 00 
E which implies E = U k � . •  

1 

5.4.9. COROLLARY. Every (LN*) space E is an (M)-space (i. e. a 
Montel space where every bounded set is relatively compact). 

In fact if M is a bounded set in E, then M i s  bounded in some 
Ep and hence relatively compact in Ep+I ' Since the Hausdorff topol­
ogy Too induces on EP+ I a topology weaker than Tp+ 1  ' it follows that M 
is also relatively compact in E. 

5.4.10. COROLLARY. Every (LN*) space E is reflexive (i. e. the 
strong bidual E "  of E is topologically isomorphic to E). 

In fact, E being the inductive limit of a family of normed spaces 
is a barreled space, and this along with 5 .4.9 . ,  implies that E is re­
flexive. 

5.4.1 1. COROLLARY. Every (LN*) space is complete. 
PROOF. By the theorem there exists a sequence (Cn )  of bounded 

sets in E such that every bounded set H in E is contained in one of o 0 
the Cn • This implies that the polar sets Cl ' C2 , • • •  form a fundamen-
tal sequence of neighborhoods of 0 in E '  which is countable .  Hence 
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E' is metrisable and as E is isomorphic to E" ,  it follows that E is 
complete . • 

Remark. The (LN*) spaces turn out to be "Schwartz spaces" ,  
according to the terminology of Grothendieck. They can be charac­
terized as the strong duals of the Schwartz metrisable spaces . Ob­
serve, however that for a direct definition of (LN*) spaces, as well 
as for their application to define directly the topology in spaces of 
distributions , the preceding theorems are needed, the results of 
Grothendieck being insufficient. For further information, see the 
references at the end of the chapter. 

5.5. Topology of !!lJ (I), when I is a compact interval 

In order to arrive at our goal, we still need a criterium concern­
ing a particular case of the concept of inductive limit introduced at 
the beginning of 5 .4. Let E be a normed space, F a vector space (over 
the same field IR or C ) , and qJ a linear mapping of E onto F. It is eas­
ily seen that the strongest topology on F making qJ continuous (the 
so called image top of the topology of E by qJ) can be defined by the 
semi-norm corresponding to the set qJ (B) where B is the unit ball in 
E. Then, F becomes a seminormed space, which is a normed space 

if! the kernel N( =qJ-I (O)) of qJ is closed in E (which is a necessary 

and sufficient condition for the set { O }  to be closed in F) . 

This being so, we let I be a compact interval on fR. Then C(I) is 
a normed space according to the usual definition of norm recalled in 
5 . 1 .  On the other hand, we have seen that the operator Dn for n = 1 ,  . . . 

defines a linear mapping of C(I) onto the space Cn(I) of distributions 
of rank s n. In these circumstances it is natural to consider the space 
Cn(I) provided with the image topology -z: of the topology T of C(I) 
by means of Dn

. Now, the kernel of Dn (i .e .  the set of all functions qJ 
such that Dn 

qJ=O in C) is the set ClPn ' which as we have seen is closed 

in C(/) (cf. remark to theorem 5 .2 .2 . ) .  Consequently : 

5.5.1.  The vector space C/I) with the topology Tn is a normed space. 
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Observe that now we have, both topologically and algebraically : 

Besides, it is easily seen that: 

5.5.2. A sequence (fk )  of distributions on I converges to a distribu­
tion g on I in the 1'n topology if! exists a sequence of functions Fk in 
C(/) and afunction G E C(/) such that fk=Dn� for all k, g=D

n
G and 

�� G uniformly on I. 

Now, we are going to prove that: 

5.5.3. The normed spaces Cn(/) , n =  1 ,  2, . . . form a regular sequence 
according to definition 5 .5 . 1 .  

PROOF. Remember that the unit ball B
n 

in Cn(/) , is the image 
of the unit ball B in C(/) ;  that is 

Now set 

Then for all tP EB'  and all x, x + h  El, 

This shows that B '  is equicontinuous on the (compact) interval I ; B '  
is also bounded, of course. Hence, according to Ascoli ' s theorem, B '  
i s  relatively compact in C(/) . But D

n+1 defines a continuous mapping 
of C(/) onto Cn+1 (/) . Consequentely, the set Bn=DnB=D

n
+1B '  is rela­

tively compact in Cn+ 1 (/) , for all n, and this implies that the sequence 
(Cn(/) )  is regular . • 
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Remember now that: 

00 
!?fl(J) = Coo(J) = U Cn(J) ; 

n = l 

thus it is natural to consider the vector space !?fl(J) provided with the 

topology Coo , which is the inductive limit of the topologies of the 

nonned spaces Cn(l) .  
Then, according to 5 .5 . 3 . : 

5.5.4. !?fl(J) is a (LN*) space. 

In particular from 5 .4 .7 .  and 5 .5 .2 . : 

5.5.5. The concept of convergence for sequences in the locally con­
vex spaces !?fl(J) is the same as the introduced directly in 5.2 . 1 .  

5.6. Topology of �(n), where n is an open set 

For this case, we need the concept of projective limit. 

Consider a vector space E, a family (�)aEA of vector spaces 

over the sa�e field (lR or C )  and let lfJ a be, for each a EA, a linear 

mapping of E onto � .  Suppose that, on each � there is defined a 

locally convex topology 'X"a ' Then it is easily seen that among all 

locally convex topologies on E for which each lfJa is continuous, 

there is one 'X" *  weaker than all the others: this is called the projec­

tive limit of the topologies 'X"a in E, with respect to the mapping lfJ a '  
To define 'X" *  directly it is sufficient to observe the following: 

5.6.1. A filter 3= converges to 0 in E( r *) if and only if the filter lfJ a(3=) 
converges to 0 in �('X"a) for each a EA.  

Now let Q be any open set i n  fR. For any compact interval lCD, 
the restriction operator PI is a linear mapping of !?fleD) onto !?fl(J) . 
But !?fl(J) has been defined as a locally convex space, as a (LN*)-space. 
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Hence, it is natural to consider the vector space .§2J(.Q) provided with 
the projective limit of the topologies of the spaces iiJ(I) with respect 
to the operators PI . 

Then according to 5 .6 . 1 . : 

5.6.2. The concept of convergence for sequences in locally convex 
spaces .§2J(.Q) is the same as introduced in 5 .2 .5 .  

I t  must be observed however that the locally convex space 
§if(.Q) is not complete. For example, the sequence of distributions 

n 
f n = � 8(')(x - k) on IR is a Cauchy sequence on each compact interval 

1, hence on fR, but it does not converge to a distribution on fR. 
Obviously, we can define on the space §if (.Q) of all global dis­

tributions on .Q a topology as we did for !?2J(.Q) . Then it is readily 
seen that §if(.Q) is a locally convex subs pace of §if (.Q), which is 
dense in §if(.Q) . Moreover, remembering that every space §if(I) (I a 
compact interval) is complete being a (LN*)-space, is easily shown 
that: 

5.6.3. !if (.Q) is complete .  

So !!lJ(.Q) can also be obtained by the completion of §J(Q) . 
Finally, it can be proved that the preceding topologies on §J(I) 

and §J(.Q) coincide with the strong topologies introduced by L. 

Schwartz in these spaces, considered as the duals of certain spaces 
of Coo functions .  

Remark. The (LN*)-spaces turn out to be  a special category of 
Schwartz spaces ; they can be characterized as the strong duals of 
Schwartz metrisable spaces . This category of spaces has been point­
ed out by the author in 1 952, first for the study of spaces of analytic 
functions (see references below) . But its application to spaces of 
distributions required some developments introduced in 1 954. The 
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(LN* )-spaces occur in a great number of situations in functional 

analysis,  as far as distributions and analytic functions are concerned. 
The specific properties of these spaces are not implied in the paper 
by Grothendieck, on (F) and (DF) spaces , where the Schwartz spaces 
were introduced. Some research on (LN* )-spaces has been made by 
Yoshinaga and a generalization of this class of spaces has been 

presented by Kaikov. 
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CHAPTER VI  

LIMITS AND INTEGRALS 
OF DISTRIBUTIONS 

6.1 .  Limits of a distribution as x � + 00 

Let I be an open interval unbounded on the right; i .e .  of the form 

1= ] a, + 00 [ with a E IR U { - 00 } .  The following two definitions are 

well known in classical analysis .  

6.1 .1 .  DEFINITIONS. Let f and qJ be two functions on I. The func­

tion f is said to be of order less than tp iff 3 Xo E IR and a function 

f 0 such that: 

f = qJfo for x >x(i) and fo (x) � O as x� + oo. 

On the other hand, f i s  said to be at most of the order of qJ as x�+oo 

iff 3 Xo E IR and a function f 0 bounded for x > x 0 '  such that f = qJ f 0 • 

In the first case we shall write: 

f E o (qJ) as x � + oo  (or, on the right) 

and in the second case : 

f E O(qJ) as x � + oo  (or, on the right) . 
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These relations replace the classical f= o (cp) and f= O (cp) which 
are not logically correct and may produce confusion in functional 
analysis . 

Observe that: 

6.1 .2. If there exists Xo such that cp(x) � O for x>xo' then 

f(x) 
f E o (cp) as x� + oo  � � O, as x� + oo  

cp(x) 

f E O( ) 
f(x) . b d d h . h cp as x� + oo � lS oun e on t e rzg t. 
cp(x) 

In order to extend "0" to distributions , we first consider the case 
where cp=i a, with a>- l (for simplicity the sign " A "  will be omitted) . 

Let be � the Lebesgue integral operator defined by f f@ d,; with c 

in I. 
C 

6.1 .3. LEMMA. If a is a real number > - 1 and f a continuous 
function such that f Eo (xa) as x� + oo, then �f Eo(xa+ l )  as x� + oo. 

PROOF. Suppose fEo (xa) as x � + oo. This means that there 
exists Xo and fo such that f=xafo for x>xo and fo� O as x� + oo. Let 
8> 0 be given ; then 3xl E IR such that I fo (x) I < 8 for all x>xl . We can 
assume x! >xo > O. Now, for every x >x1 

;sf(x) =K + f ,;afo@ d,; where K= tf. 

Since I fo (x) I < 8  and �> O, for �>xl ' we have: 

�f(x) IKI xa+ l_x a+ 1 
-- s -- + 1 8 Vx >x 

xa+ ! xa+! (a+ l )xa+ I '  I '  

and therefore, since a >  - 1  : 



�f(x) lim -- s -­
a+ ! X a+ 1 x --+ 00 

As 8 is arbitrary, this implies that 

�f(x) 0 . (';(f ( a + l ) . 
a+ ! � as x � + oo ; 1 .e . ;S Eo x . 

x 
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6.1.4. Remark. This lemma obviously extends to locally summable 

functions and even to measures, as we shall see. 

The lemma suggests the following : 

6.1.5. DEFINITION. Let a be a real numQer > - 1  and f a distribution 

on I. We write f Eo (xa) as x � + oo  iff there exists an integer p � O  and 

a continuous function F on I, such that: 

F(x) 
f = DPF and � O as x � + oo . a +p X 

6.1.6. Remark. The lemma implies that if there exists p E/No and 

FE C(I) satisfying the preceding conditions, then every integer m > p 
and every function G such that G= � m-PF +P where P E CZPm , satisfies 

the same conditions (observe that if PECZP , then 
P(x) � 

0 
as x � + oo) .  m a+m X 

6. 1 .7.  LINEARITY PROPERTY . If f Eo(xa) and g Eo (xa) as 
x � + oo , with a > - l ,  then: 

For the proof, it is sufficient to represent f and g as derivatives of 

the same order of continuous functions,  taking into account 6.1.6. 
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In particular, a may be equal to O . Then XO = 1 and if f E o  ( 1 )  as 

X ---+ + oo , it is natural to say that f---+ O as x ---+ + oo . More generally, let 

Il be any complex number and f E �(I) ;  then : 

6.1 .8. DEFINITION. We say that f converges to Il as x ---+ + oo  if and 

only if f-Il E o ( l )  as x ---+ + oo . A distribution f is said to be conver­

gent as x ---+ + 00 if and only if 3 1l  E CC such that f ---+ Il ,  as x ---+ + 00 .  

Taking definition 6 .1 . 5 . into account and observing that ( IlxP ) 
Il=DP 

pJ 
for every p E/No , we can define the preceding concept 

as follows :  

6.1 .9. DEFINITION. We say that f ---+ Il as x ---+ + 00 if and only if 

there exists p E /No and F E  e(l) such that: 

F(x) Il 
f = DP F and ---+ - as x ---+ + 00 (in the ordinary sense) . 

xP  pJ 

Remark. Instead of "f tends to Il as x ---+ + 00 " , we shall sometimes 

write "f(x) ---+ Il ,  as x ---+ + oo", but it should be remembered that in 

these cases x is a dummy variable . 

6.1. 10. lf f ---+ Il as x ---+ + oo  and f---+ J.1 as x ---+ + oo  then 1l =J.1. 
In fact, if f -Il ---+ 0 and f -J.1 ---+ 0 as x ---+ + 00, then, by 6 .1 .7 .  

( f-Il) - (f-J.1) = J.1 - 1l ---+ 0 as x ---+ + oo . But, for every integer p > 0 and 

every continuous function F such that J.1-Il=DPF, we have neces-

xP  
sarily F = (J.1-Il) - + P where P E r;; . 

p J  P 

Hence by definition 6 . 1 .9 . ,  J.1-1l cannot tend to 0 unless 1l =J.1 .  

This makes legitimate the definition complementary to 6 . 1 . 8 .  
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6.1.11  DEFINITION. We say that A is the limit of f as x � + 00 , iff 
f � A as x� + OO .  In this case, we shall write ..1, = Um f(x) or ..1,=f(+ oo) .  

x - + oo  

The uniqueness of the limit is guaranteed in 6. 1 . 1 0, and from 
6. 1 .7 . , follows : 

6.1 .12. LINEARITY PROPERTY. If f and g are convergent as 
x� + oo , then: 

Um (a f + f3 g) = a Um f + f3 Um g ,  V a, f3 E C . 
x -- + oo x - + oo  x - + c:o  

In turn, from 6. 1 . 3 .  and the preceding definitions, it follows : 

6.1.13. If f is a continuous function such that Um f (x) = A  in the 
x --+ + oo  

ordinary sense, then the same fact holds in the distributional sense; 

i. e. , in the sense of definitions 6. 1 . 1 1 .  and 6. 1 .9 . .  

Observe, that according to 6 . 1 . 5 . ,  this theorem extends to locally 
summable functions (and even to measures) . However, it -must be 
observed that the converse of this theorem is not true. 

6.1 .14. Example. As is well-known, the function cos x is not con­
vergent in the ordinary sense as x� + oo . But we have : 

lim cos x = 0, in the distributional sense .  

To see that, i t  is  enough to apply definition 6. 1 .5 .  observing that 
Sln x 

cosx = D sin x and � O , as x� + oo . 
x 

6. 1.15. General remark. All preceding definitions may be extended 
and all propositions remain true, if we replace throughout + 00 by - 00 

and "on the right" by "on the left" . In particular, we must then con­
sider an interval I, unbounded on the left, 1= ] - 00, a [, instead of an 
interval unbounded on the right. 
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6.1 .16. DEFINITION. We say that f tends to A as x � 00 and we 

write Um f(X) = A if and only if Um f(x) = lim f (X) = A . 
x � oo  x --+ + oo  x --+ - oo 

For example, it is easily seen that (cf. 6 . 1 . 1 4) :  Um cos x = 0 (in the 

distributional sense) . 
x � oo  

6.2. Limits and value of a distribution at a point of IR 

Let now I be any open interval ] a, b [ , bounded on the left. Then, 

definitions 6 . 1 . 1 .  and 6 . 1 .2 .  are readily extended to this case, replacing 

throughout "x � + 00" by "x � a + "  and "on the right" by "on the left." 

If we place � a f(x) = IX f (;) d; , we prove, as for 6 . 1 . 3 .  (the proof is 

even simpler) : 

6.2.1 .  LEMMA. If f is a continuous function on I, such that 
fEo [(x-a)p ] as x � a+ where /3> - 1 , then �:f Eo [(x-a)P+Il ] as 
x � a+, for n = O, 1 ,  . . . . 

This lemma justifies the following 

6.2.2. DEFINITION. If f E �(I) and /3> - 1 ,  we write fEo [(x-a)p ] 
as x � a+ iff there exists p E/No and F E C(I) such that f = DPF and 

F(x) + --..,,--- � 0 as x � a 
(x-a)P+P 

. 

6.2.3. Remark. The lemma implies that if there exist p and F satis­

fying these conditions ,  then every integer m � p, along with the func­
tion �am -pF, satisfies the same conditions. (But it must be observed 

that for each integer m >p, there is no function different from �am -p F 

satisfying the same conditions) . 
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Now we are able to extend definitions 6. 1 . 8 .  and 6. 1 . 1 1 . , as well 

as propositions 6. 1 .7 . , 6 . 1 . 1 0 . , 6.1 . 1 2 . and 6. 1 . 1 3 . ,  replacing + 00 by 
a +. In particular, the convergence as x � a + can be defined directly as 

follows :  

6.2.4. DEFINITION. A distribution f on I= ] a, b [  tends to A.. as 
x --:, a 

+ 
iff there exists p E /No and F E  C(I) , such that: 

F(x) A.. + f = DP F and � - as x � a (in the ordinary sense) . 
(x- a)P pI 

Besides, the concepts of convergence corresponding to the cases 

x --:, + 00 and x � a + are related to each other according to the follow­

ing rule:  

6.2.5. Suppose 1= ] a, + 00 [, f3 > O  and fE§}g(I) .  Then, if 

g(t) =f (a+f3�)
, we have : Um g (t) = A.. <=> Um f(x) = A.. . 

t t -+ + oo  x -+ a + 

PROOF. This obviously reduces to the case a = O  and A..= O  with 

f3=  1 . Suppose f(x) � O  as x�O+. Then, there exists p E/No and 

F(x) + F E  C(I) such that f = DP F and � 0 as x � 0 . Moreover (cf. 
xP 

4.5) , we have g<t) = <- t2D, )PF ( � ) and it is easily shown by induction 

on p that there exists p +  1 numbers ak (whose expression are not 

needed here) such that 

6.2.6. 

Now, since � 0 as x � O+, tPF - � 0 as t� + oo. Hence 
F(x) ( 1 ) 
xP t 
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which according to definition 6. 1 .9 .  means that all terms on the right 

side of 6.2.6 . � O  as t � + oo. In a similar way, we prove that, if 

g(t) � O  as t� + oo, then f(x) � O as x� O+ . •  

We can obviously define the concept : 

as we did for the case x � a+ considering now an interval ] a, b [, 
bounded on the right. It is readily seen that all preceding proposi­
tions and remarks can be extended to this case. 

Let i, be now any open interval in IR, i = ] a, b [, and let c be any 
point of i, that is a < c < b. Then if f E liJ(I) ,  we define the concepts : 

by considering, instead of f, its restrictions to the intervals ] a, c [ and 
] c, b [ . As in classical analysis , we shall put 

f(a+) = lim f(x) (right-hand limit of f at a) 
x --+ a + 

f(a- ) = lim f(x) (left-hand limit of f at a) 
x --+ a -

whenever the limit in question exists . 

6.2.7. DEFINITION. We say that f tends to A as x � c iff f(x) �A 
as x� c+ and f(x) �A.. as x � c-. In this case, we write A= lim f(x) . 

According to preceding definitions and remarks , we can also 
define directly this concept : 



93 

6.2.8. DEFINITION. The distribution f tends to A- as x� c iff there 

exists an integer p � 0 and a function F continuous at every point x of 
I distinct from c, such that: 

F(x) A-
f = DP F and Urn = - in the ordinary sense. 

x - c (x- c) P p! 

6.2.9. Remark. Suppose, more generally, that J is any non-degener­
ate interval in /R and that c is in the closure of J. Then, definition 
6.2. 8 .  applies, even if c is a extremity of the domain J of f; for ex­
ample, if c is a left extremity of J, we have by definition : 

Urn f(x) = lirn f(x) . 
x - c  x - c + 

With respect to the general hypothesis considered above, we 

have : 

6.2.10. DEFINITION. A distribution f on J is said to be continuous 

at a point c iff there exists p E /No and F E C(J) such that f = DPF and 

F(x) . . 
h d· Th · --- IS convergent In t e or Inary sense as x � c. en, we wnte: (x - c) P 

F(x) 
f(c) = Urn f(x) =p! Urn --

x - c  x - c  (x- c)P 

and the number f (c) is said to be the value of the distribution f at 
the point c (or, for x=c) . 

From the linearity property of limits follows :  

6.2.11. lf f and g are continuous at c, so is af + f3g for a,f3E C and 
(af + f3g) (c) = af (c) + f3g (c) . 

1 
Examples. 1 - Consider f(x) =cos - . Then f is a locally summable 
function on /R and since : 

x 
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1 . 1 ( 2 . 1 )  
cos - = 2x szn --D x szn - , 

x x x 

lim (x sin �) = 0 , 
x -+ O  X 

it is easily seen that f is continuous at the point 0 with the value 0 
(in distributional sense, and not in ordinary sense ! ) .  

2 - It can be seen that lim 8(k) = O, and yet 8(
k
) i s  not continuous 

at 0 for any k= O, 1 ,  . . . . 
x -+ O  

3 - It can be proved, as an exercise, that: If f is a distribution on -
an interval I minus a point c of I, and if f is convergent as x� c, then -----
there exists one and only one distribution f on I U { c } ,  which is con-

� 

tinuous at c and such that f = f on l. 

Remark. The previous concepts of limits and value of a distribution 
at . a  point of IR have been introduced by Lojasiewicz. As for the 
concepts of limit as x� + oo  or as x�- 00, the definitions given by 
Mikusinski and Sikorski seem to be to restrictive as they are not 
invariant for very simple substitutions such as x = 1 1  t and do not allow 
the justification of certain integral fonnulas occuring in applications . 
The definitions that we are using here do not present these incon­
venIences . 

6.3. Primitives and integrals of distributions 

If f is a distribution with domain in IR, we call primitive of f 
any distribution qJ such that DqJ= f. From this definition follows :  

6.3.1 .  THEOREM. Every distribution f has infinitely many primi­
tives, and, if the domain of f is an interval then any two primitives 
of f differ by a constant. 
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PROOF. In the general case, the domain of f will be the union 

of a system of mutually disjoint intervals (cf. 2.5) ; so we can reduce 

this to the case of a single interval . Let f be a distribution on I. Then 

f is of the form f = D nF, with F E C(I) , and every distribution qJ of 

the form qJ=Dn:JF + K, where :J is an integration operator and 
K E C, is obviously a primitive of f. Suppose now that DqJI =DqJ2 ;... f ;  

then if qJI = Dn(/)I and qJ2=Dnf/>2 '  with (/)1 and (/)2 in C(I) ,  we have 
Vn+ 1 f/>I = Dn+ 1 f/>2 ' which implies ,  by axiom 4 (cf. 2.2) ,  that f/>I - f/>2 is 
a polynomial P of degree < n +  1 .  Thus qJI - qJ2 =DnP = constant. • 

From 6 .2 .2 .  and 6.2 . 1 0 . follows immediately : 

6.3.2. COROLLARY. If there exists a primitive of f which is con­
tinuous at a point a, then every primitive of f is continuous at a. If, 
in addition, the domain of f is an interval I, then for every complex 
number K, there exists one and only one primitive qJ of f such that 
qJ (a) = K. 

It will be natural to denote by the symbol 

ff(�) d� or shortly by ff 
the primitive of f assuming the value 0 at a. (Remember that the sign 
A indicating that x is a dummy variable may be omitted whenever no 
confusion is possible) . Thus according to 6 .3 .2 . ,  if there exists at 
least one primitive of f which is continuous at a, the differential 
equation DqJ = f will have a single solution satisfying the initial con­
dition qJ (a) = K, and such a solution is : 

As we have observed, it is understood that here x is only a dummy 
variable ; the distribution qJ need not actually have a value qJ (x) at 
every point x of I. But, obviously, if qJ has a value at some point b of 
I, this value is naturally denoted by : 
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rp(b) = K+ ff@df 

Thus the integral f f(';) d'; (in short f f) is defined by the 

generalized Barrow Formula: 

f f(x)dx= rp(b) - rp(a) . 

Corollary 6.3 .2 .  can be extended as follows : 

6.3.3. COROLLARY. If there exists a primitive of f having a limit 
as x--+a+ [resp. as x--+a- ] , then every primitive of f has a limit as 
x--+a+ [resp. as x--+a- ] .  If, in addition, the domain off is an interval 
I, then for every complex number K, there exists one and only one 
primitive qJ of f such that qJ (a+) = K [resp. qJ(a- ) = K] .  

Remember that the existence of both qJ(a+) and qJ(a- ) does not 
imply the existence of qJ(a) . 

All preceding remarks and conventions may now be extended to 
the newly considered cases . For example, we shall denote by 

the primitive of f on I which tends to zero as x --+ a- ; accordingly, if 
such a limit exists, the differential equation DqJ= f along with the 
initial condition qJ(a- ) = K will have the only solution 

rp(x) =K+ f-f@d'; .  

So, we have by definition 
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If a < b, these are, respectively, the integral of the distribution f on 

the intervals [a, b [  and [a, b l .  The integrals of f on la, bl and la, b [  

are analogously defined. Naturally such an integral is said to exist or 

to be convergent iff the two corresponding limits exist. If b s a, we 

have of course : 

Finally, all preceding definitions may be extended to infinite in­
tervals. For example, we have by definition 

if qJ is a primitive of f such that the limits on the right-hand side 

L+oo exist; and a- f(x)dx is called the integral of f on the interval 

[a, + 00[. For other kinds of infinite intervals the definitions are quite 

analogous . 
In the general case, a distribution f is said to be integrable over 

an interval I, iff the integral of f on I exists . This integral may be 

denoted by L f (x)dx or simply by L f. 

From the linearity property of limits follows immediately the 
corresponding property for integrals :  

6.3.4. LINEARITY PROPERTY. If two distributions f and g are 
integrable over I, so is af + pg for any a, PE C and 

On the other hand it should be observed that: 
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6.3.5. If! is a function summable on I, then the integral of f over I, 
in the distributional sense, exists and equals the Lebesgue integral 
over l. More generally, if f is a locally summable function on I such 

that L ! is convergent in the classical sense (even simply convergent), 

then L ! exists, in the distributional sense, and has the same value. 

However, the converse of this proposition is not true, as we shall 
presently see : 

Examples. 1 - Consider the integral L !(x)o<n\x-a) where I is any 

interval in fR , n an integer > 0 and f E e n a function on l. Then: 

Now, for every k < n, a primitive of Dn- k[ f Ck)(a)8(x- a)] is the distri­
bution f Ck)(a)8(n - k - l )(x_ a) which tends to zero as x tends �o any point 
Xo in fR. Hence : 

L Cn) n Cn) L {(-l ff Cn)(a) , if a EI 
f(x)8 (x-a) dx= (-l )  f (a) 8(x-a) dx= . 

I I 0 , 1f a � l.  

For example : 

fa+ fa+ Ja- f(x)8"(x-a) dx = f "(a) Ja- 8(x-a) dx = f"(a) . 

2 - Consider the integral f ei{J)tdt, where 0) is a real parameter. This JIR 
integral is obviously divergent, in the classical sense, for every value 

i wt 
of 0). However, for 0) � 0, one primitive of ei {J)t is � and 

l O)  



tan e 1 i wt - -- De 
i m (im)2 

' 
i (J)( e 

lim - = 0. 
(-+ 00  t 

Hence, we have, in the distributional sense, for every m � 0 :  

1+00 i {J)tdt - 1 ( I · i {J)t I · i {J)() - 0 e - - lm e - lm e  - .  
- 00  im ( -+ + 00 (-+ - 00 
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For m=O, this integral is divergent, even in the distributional sense. 

This result agree with the intuition of physicists , which have, long 

since, adopted the formula: 

1 ei{J)(dt =2iro(m) .  
IR 

However, a complete justification of this formula cannot be achieved, 

without a suitable definition of parametric integral , which will be 

given in chapter VIII. 

The case considered in example 1 is  included in the following 

proposition : 

6.3.6. Every distribution with a bounded carrier on fR is integrable 
on fR . 

PROOF. Let f be a distribution of bounded carrier on fR . 

This means that there exists a bounded interval 1= [a, b] such that 

f=O outside /. Hence, if cp is a primitive of f, Dcp=O outside I and 

cp reduces to constants C l  and c2 ' respectively, on ] -00 , a [  and on 

] b , + 00 [ . Thus cp(-oo) = cp(a- ) = cI and cp(b+ ) =  cp(  + 00) = c2 . Hence, f is 

integrable on fR and 
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A complementary proposition to 6.3 .6. ,  which can be proved in 

a similar way is the following: 

6.3.7. Whenever f is integrable on /R , we have r f = r f, jor every . I . . h . if f J IR J I lnterva eontalnlng t e earner 0 . 

For example , if f is integrabl� on /R and zero for x < a, then 

r f =l�oo 
f. JIR a 

In order to obtain more powerful tests for the convergence of 
integrals ,  we are going to develop the concept of order of growth for 
distributions . 

6.4. Orders of growth for distributions 

For brevity, we shall confine ourselves to the typical case where 
x �  + 00, since the considerations in the other cases are analogous .  

Let [ be any interval unbounded on the right and �/(x) = f/, with 

e El, for fE C(/) . The extension of the symbol "0" to distributions 
is based on the following lemma, whose proof is similar to the one 

of 6 . 1 .3 . and even more simple: 

6.4.1. LEMMA. Iff is a eontinuousfunetion on I sueh that fEO(xa ) 
as x � + oo, with a>-I , then �fEO(xa+ ' )  as x� +oo. 

6.4.2. DEFINITION. If fE§(/) and a>-I , then we write fEO(xa ) 
as x � + oo  iff there exist nE/No and FE C(/), such that f= DPF and 

F(x) . . 
-- IS bounded on the nght. 
xn+ a 
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The lemma guarantees the linearity property for this case . In 

particular: 

6.4.3. DEFINITION. A distribution f on I is said to be bounded on 
the right iff f E O( 1 )  as x -+ + 00 ,  that is iff there exist n E  1No and 

n F(x) . . F E  C(I) such that f = D F and n IS bounded on the nght. 
x 

That being so, we are able to define the meaning of the ex­

pression "f Eo(cp)" and "f E O(cp)" in the more general case when 

fE !0"(I) and cpE C OO(I) . For all that purpose, we can take as a model 

the classical definition 6 . 1 . 1 . : 
6.4.4. DEFINITION. We shall write f Eo(cp) as x-+ + oo  iff there 

exists a real Xo and a distribution f 0 such that: 

f= cpfo for x >xo and fo -+ 0 as x -+ + oo. 

We shall write f E O(cp) as x-+ + oo  iff there exists a real Xo and a dis­
tribution f 0 such that f = cpf 0 for x > Xo and f 0 is bounded on the right. 

The first thing to do is to see whether these definitions are 
equivalent to the preceding ones in the particular case, when cp is of 
the form xa, with a>-l . This equivalence is easily proved by means 
of the formulas : 

xaDnFo= �o <_1 )
k ( :) Dn-, (FoDx'xa ) 

taking into account the linear property. 
On the other hand, this same property can be now immediately 

extended to the general case. Moreover definition 6.4 .4 .  introduce a 
remarkable new property which is a counterpart of the preceding 
lemmas . 
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6.4.5. DIFFERENTIATION PROPERTY. If fEO(xa )  on the right, 
then DfE O(x a- l )  on the right, for every aE/R .  

We shall begin the proof in the case a=O: 

6.4.6. Iff is bounded on the right, then DfE O(x-l )  as x� + oo. 
Suppose f bounded on the right. Then, there exists p E/No ' 

F(x) 
F E  C(J) and c such that f = DP F for x >  c and is bounded on the 

xP 

right. We may choose c > 0;  then we have : 

and it is readily seen that DP+ I (xF) is bounded oil the right, as well 

as DPF. Hence DfE O(x- l )  as x� + oo. 
Suppose now fEO(xa )  x� + oo, where aE/R .  Then there exist 

Xo and fo such that f =xa fo for x >xo and foE O( I )  on the right. It fol­

lows that Df = axa- 1fo +xa Dfo and it is readily seen, applying 6.4 .6 . , 
that DfE O(xa- l )  as x� + oo  . • 

By an identical argument, it is shown that the differantiation 
property extends to the "0 " symbol. 

Furthermore it is a simple matter to prove the following prop­

erties where the expression "on the right" or "as x � + 00" is omitted 

for simplicity. 

6.4.7. If f is convergent, then f is bounded. 

6.4.8. If fEo(cp) then fEO(cp) . 

6.4.9. If fEO(xa )  and a</3, then fEo(xfJ ) .  

Obviously we have chosen the case when x � + 00 as  a model ; 

the concepts and properties are quite analogous in cases such as 
+ x�-oo, x � c , etc . .  
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6.4.10. Convention. If a distribution j has the same growth property 

as x� + oo and as x�-oo, we shall say that j has this property as 

x � oo. If jEPLJ(I) is bounded on the right and on the left (respec­

tively as x tends to the right extremity and to the left extremity of I) ,  

we shall say that j is bounded on I or simply bounded. 

Remark. The concept of bounded distribution that we have just in­

troduced is more general than the concept of bounded distribution 

according to Schwartz and necessary for the integral theory as we 

shall next see . 

6.5. Convergence tests for integrals 

Let us consider, at first, the case of integrals on fR . We have the 

following test, which is not true in classical analysis : 

6.5.1 .  (A NECESSARY CONDITION FOR CONVERGENCE). 

If a distribution j is integrable on fR , then j E O(x-1 ) as x� oo. 
PROOF. Suppose there exists a primitive cp 'of j such that cp is 

convergent as x � + oo  and as X�_OO(6) . Then by 6.4.7 . ,  cp is bounded \ 
on fR and, by 6.4 .6 .  (and its analog for the case x� - oo) we have 

Dcp E O(x-1 ) as x� oo . •  

The following theorem extends to distributions a well known 

classical test. 

6.5.2. (A SUFFICIENT CONDITION FOR CONVERGENCE). 

If there exists a number a<-l such that jEO(xa ) as x� oo, then j 
is integrable on fR . 

(6) - This does not mean that qJ is convergent as x - 00, for the limits are in general 
different. 



1 04 

PROOF. Suppose f E O(xa ) as x -+ oo  with a < -l . Then there 

exists a number c> 0, an integer n � 0 and a continuous function F 
such that: 

Set: 

f=xaDnF for I x l > c, with F(:) bounded for I x l > c. 
x 

Then f2 is a distribution with carrier contained in [- c, + c] ; hence 

integrable on IR (cf. 6.3 .6 . ) .  So we have only to prove that fl is inte­

grable on IR , for then we have : 

We shall put fl = f and � = F. Then: 

n 
f=xa D nF k (-l lck Dn- k (x a-kF )  

where ck= a(a-l )  . . .  (a-k+l ) ( �) From here we deduce the follow-

ing primitive of f: 

But since F EO(x ·n )  as x -+ oo  in the ordinary sense, we have 

�a- nF EO(�a ) as x-+ oo  with a < -l and, according to the classical 

test, this implies that the primitive �a-nF is summable on lR. Hence 

the last term in 6.5 . 3 .  is convergent as x -+ + oo and as x-+ - oo.  



As to the other terms, observe that the functions 

xa- kF (x) a+ 1  F (x) 
n - k - I  =X n for k= O, . . .  , n - l , 

x x 
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F (x) 
tend to zero as x � oo  since a + l < O  and is bounded (in the xn 

ordinary sense).  Hence, by definition 6. 1 .9 .  

D n-k- I ( a- kF )  0 X � as x � oo, 

Therefore f is integrable on fR and 

We can deduce similar tests for integrals on intervals distinct 

from fR. For example, consider an interval 1= ] a, + ooLand f E 2J(I) .  
Then it i s  easily seen that if f is integrable in I, then fE  O(x-I ) as 
x� + oo  and f E O( x-af' ) as x � a+. If there exists a < -l and 
f3 > -1 such that f E O(xa)  as x � + oo  and fE O( x - a)f3 ) as x � a+, 
then f is integrable on I . 

6.6. Multiplication and change of variables in connection with 
limits and integrals 

It is a simple matter to prove the following propositions :  

6.6.1. lf fE2J(I) is convergent as x � c+ with cEI  and if g E COO(I) 
then fg is convergent as x �  c+ and: 
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6.6.2. If f E �(/) is convergent as x � c + with e E l  and if h is a C oo  
mapping of an interval 1* into I, such that h ' (t » O in 1*, then f (h (t») 
is convergent as t� y + with h (y ) = c and: 

Um f(h (t») = Um f (x) . 
t -+ y +  ( -- c + 

Obviously, these two propositions can be extended to the case 
when f is convergent as x � c-. Then the second one enable the usual 
substitution property to be extended to the integrals of distributions 
on bounded intervals .  For example, assuming fE�(/), a, b El  and h 
is an increasing Coo mapping of 1* into I such that a=h (a) , b = h ([3 ) , 
we have 

b- rr L f(x) dx =  L f(h (t»)h ' (t )dt 

whenever the first integral exist. 
However these criterions are not sufficient in certain cases 

which occur in practice. Our next purpose is to introduce a stronger 
criterium than 6.6 .2 . . For simplicity, we shall reduce our discussion 
to the case where x----). + 00 and h (+ (0) = + 00, which can be taken ' as a 
model for other cases . 

6.6.3. THEOREM. Let fE�(/), I unbounded on the right, and let 
h be a C oo  mapping of an interval 1* into I such that h ' (t ) � O  on 1* 
and h (t ) � + 00 as t � + 00. Suppose that: 

(i) f is convergent as x � + oo  
(ii) h '  tends to a number c � O  as t � + oo  (in the ordinary sense) 

(iii) h(k) E o (rk +1 )  as t � + oo  (in the ordinary sense), for k > l .  

Then we have: Um f(h (t») = Um f(x) 
( -+ + 00 x-+ + oo  

PROOF. Suppose f �A as x � + oo . Then there exist n E/No 

n F (x) A 
and F E C(/) such that f= D  F and -+ - as x � + oo. Now 

xn n !  



f 0 h = ( �, DJ'(F 0 h) and according to the hypothesis : 

h (t) 
Um -- = lim h ' (t ) = c .  

Hence: 

6.6.3 ' . 

t � + oo t r � + oo 

F(h (t )) 
= 

F(h (t )) ( h (t) )n
� 

ILcn 
. 

tn (h (t )r · t n !  

On the other hand it is easily seen that: 
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where ao = ( �, r and a,E o (r ' ) as t � + oo , for k = l , 2, . . .  , n .  Thus 

all terms in the last sum tend to zero as x � + oo, except Dr\ao(Fo h)) ,  
which, by 6.6 .3 ' , tends to IL . •  

This criterium and the corresponding ones for the cases when 

x � - oo,  t � - oo, etc . ,  lead to the following substitution rule for in­

tegrals .  

6.6.4. COROLLARY. Let f be a distribution integrable on IR and h 
a C oo  mapping of IR onto IR such that: 

(j) h ' (t )  is ;Z! O  on IR and tends to numbers ;z! O  as t � + oo  and as 
t � - oo (in the ordinary sense) 

(jj) h (k) E o (rk + 1 ) as t � oo  (in the ordinary sense) for all 
k= 2, 3 ,  . . . .  

Then f (h (t )) is integrable on IR and: 

f f(x) dx = f f(h (t )) l h ' (t ) l dt. JIR JIR 
This rule is an immediate consequence of theorem 6.6 .3 . and its 
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corresponding theorems applied to a primitive rp of f. Observe that, 
in the case h ' (t ) <O  

1:00 f(x) dx = foooo f(h (t » h ' (t) dt = -[
oo

oo
f(h (t » h ' (t ) dt . 

In particular 6.6 .4 .  applies in the elementary cases when x= t +a  
or x=et, with aEIR and e E C. Then we have: 

6.6.5. 1 f(x) dx = l e l l f(ex) dx .  
IR IR 

6.6.6. 1 f(x + a) dx =l f(x) dx .  
IR IR 

The last formula can be expressed by saying that the integral is 
invariant under translations . 

More refined criterions can be obtained by using the concept of 
measure as we did for multiplication in chapter IV. 

Remember that if /1 is a measure on an open interval I, the total 

variation of /1 in a bounded interval J such that J e I is defined to be 
p 

the supremum of the sums Sp= � 1 .u ('!' ) I , for all finite partitions P of 

I into intervals 11 , • • •  , Jp ' We shall denote by 1 /1 1  (J ) the total 
variation of /1 in J; as is well known, 1 /1 1  is again a measure on IR 
(the modulus of /1) such that: 
(i) if /1 Et, then 1 /1 1  is the modulus of the function /1 in the ordinary 

sense; 
(ii) I rp/1 1  = I rp l l Jl I for all rp E C(/) .  

On the other hand, if /1 and v are two measures on I, we write 
/1 <  v iff /1 (l ) s v(l )  for all bounded intervals I such that Je/. 

Suppose I i s  unbounded on the right. A measure /1 on I i s  said 
to be bounded on the right if and only if there exist two numbers Xo 
and k such that I Jl I < k  for x > xo ;  i .e .  I Jl I (1 ) s k I 1 1  for all bounded 
intervals le [xo '  + 00 [ . On the other hand, we say that /1 converges to 
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a number c as x---;;. + oo, iff for every £>0, there exists a real Xo such 
that Lu-c 1 < £ for x >  xo . It is readily seen that these concepts coin­
cide with the classical ones if J.1 is a function. Besides , the preceding 
lemma for the "0" and "0" symbols keep true if f is a measure. 

These remarks suggest the following refinement of the concept 
of convergence for distributions :  

6.6.7. DEFINITION. Let f E �(/), n E/No and A E C. We write 
f ----;;+ A as x ---;;. + 00 if and only if there exist a real Xo and a measure F 

n F (x) A 
such that f= D F and ---;;. - (in measure sense) as x---;;. + oo . On 

x
n 

n! 

the other hand, if cP E C 00 (I) , we shall write f E on (cp) as x---;;.+oo iff there 
exists Xo and fo such that f = cP fo for x >  Xo and fo ----;;+ 0 as x ---;;. + 00 . 

The expression "fE On(cp)" can be analogously defined and the 
"dual" concepts of the preceding ones can be introduced as follows : 

6.6.8. DEFINITION. Let n E/No ' f E C\/) and AE C. We shall 
write f � A as x ---;;. + 00 iff f tends to A and f(k) E 0 (x - k') as x ---;;. + 00,  

for k = 1 ,  . . . , n (in the ordinary sense) . We write fEo
n
(lp) as x---;;. + oo  

iff there exists Xo and fo such that f = cP fo for x > Xo and fo � 0 as 
x ---;;. + 00 • 

Thus, it is readily seen that: 

6.6.9. If f ----;;+ A as x ---;;. + 00 and g � J.1 as x ---;;. + 00, then f g ----;;+ A J.1 as 
x ---;;. + 00 • 

6.6. 10. If f ----;;+A as x ---;;. + oo  and if h is a Cn mapping of an interval 
1* into I such that h ---;;. + 00 as t ---;;. + 00 and h '  � c, with C ;l!  0 and 
C ;l!  00, then f 0 h ----;;+ A as t ---;;. + 00.  

6.6.1 1 . If fEon (cp) and g E o
n
(lf/) on the right, then fg E on(cplf/) on 

the right, and analogously for the "0 " symbol. 
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6.7. Scalar products. Definition of distributions according to 

Sobolev-Schwartz 

We shall say the two distributions f and g are multipliable if 

and only if the product f g exists in some of the senses considered in 

chapter IV. That being so : 

6.7.1.  DEFINITION. If two distributions f and g on an interval I are 

multipliable and fg is integrable on /, then L fg will be called the 

symmetrical scalar product or simply the scalar product of f by 

g and is denoted by (f, g ) : 

Obviously, the scalar product is in fact symmetrical (or com­
mutative) .  Moreover it is bilinear: for all A, /l E e, we have 

whenever (f1 , g ) and (f2 , g ) exist and analogously on the right. 

Observe that every distribution f on / can be written in the form 
f = u + iv, where u, v are real-valued distributions (i .e . , of the form 

u = DnU, v = DnV, where U and V are real-valued continuous func­

tions on I ) .  Then we put f = u - iv (conjugate off ) . It is readily seen 

that if (f, g ) exists ,  then (f, g )  exists also . 

We call L jg the hermitic scalar product or simply the hermitic 

product of f by g, and it is denoted by (f I g ) : 

The hermitic product is not commutative : 
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but it is of course, linear on the left. 

Remember that any function fEL2 (I) (square summable func­

tion on I) is locally summable, hence a distribution. It is well known 

that if f, g EL2 (I) , then fg EL (I) so that ( f i g ) is a hermitic form on 

L2 (l) ,  which makes L2 (I) a Hilbert space. The following is a classical 

theorem in functional analysis . 

6.7.2. If E is a Hitbert space, there is a one-to-one correspondence 

between the continuous linear functionals on E and the elements of 

E. The functional U corresponding to an element u of E is given by 

the formula: 

U(x) = (x l u ) for all x E E .  

Moreover, this correspondence is a vector isomorphism between 
E and E ' . But the elements of E '  (covariant vectors) do not behave 

like the elements of E (contravariant vectors) by change of bases ; 

thus it is not convenient in most cases to identify E '  with E. 

For developing the study of scalar distributions, a remark about 

terminology is necessary. When I is a compact interval, the expres­

sion "measure on I "  is commonly used with a meaning equivalent to 

that of "measure of an interval contained in I " .  For example, in this 

sense, 8 may be considered as a measure on 1= [0 ,  1 ] ;  but the re­

striction of the 8 distribution to [0, 1 ]  is D (PIH ) =  O. To avoid con­

fusion, we shall say "measure in I "  instead of "measure on I "  for a 

distribution f of the form f = DF, when F is a standardized function 

of bounded variation on I. On the other hand, we shall denote by 

M*(I) the vector space of all measures on IR which vanish outside I 

and by M (I) the set of all measures on I. Observe that : 

6.7.3. If 1= [a, b] , every measure f.1 in I can be uniquely extended as 
a measure l1EM*(I) such that 11 [a, a] =l1 [b, b] = 0. 
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In fact, if f.1 EM(/), then f.1=DF where F is a function of 

bounded variation on I. Now F can be uniquely extended to a func­

tion F of bounded variation on IR such that F(x) =F(a+ ) for x < a  and ........., 
F(x) = F(b- ) for x >  b . 

. _ - - - ------

F(b-) � - - - - -

a b 

Hence,  if we put ji=DF, we have jiEM*(/) , ji = [a, a] = 

= ji [b, b] = 0, and it is readily seen that ji is uniquely determined by 

f.1 .  We call ji the minimal extension of f.1 to IR. 

Another classical theorem in functional analysis is the following: 

6.7.4. F. RIESZ THEOREM. There is a one-to-one correspondence 
between the measures fEM*(/) and the continuous linear function­
als u on C(/). This correspondence f � u is given by: 

We are going to deduce some important consequences from this 

formula. We shall denote by M: (I) the set of all distributions of or­

der s n on IR vanishing outside I. Suppose 1= [a, b ]  ; then 

6.7.5. Every distribution fEM: (/) can be written in the form: 
n - l  

f= DnFo + koc,o(')(x- a) 

where FoEM* (/) and co ' . . . , cn _ 1 E C. 

PROOF. Consider fEM: (/) .  Then f is of the form f = D nF 

where F EM(lR) . On the other hand, since f=O  outside I, F reduces 
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to polynomials P and p* of degree < n, respectively on the left and 

on the right of I. Put ji F-P* ; then ji ° for x >  b and f= Dnp. We ,......, 
can suppose that F= F= O for x >  h.  Set: 

{p for x < a  
p -o - ° for X "2! a  

{o for x < a  
Fo = 

F for X "2! a .  

Then F= Fo + Po and FoEM*(I) . On the other hand, � is a poly­
nomial of degree < n  for x < o  and zero for x > O, so that D n� is of the 

form: 

Consequently 

n - l  
f= D"Fo +"J-o ck

o(k)(x- a) . • 

Let now ffJ be any e n function on IR and fEM: (I) .  Then, of 
course, ffJfEM: (I) ; so that ffJf is integrable on IR . Put 

n - l  
f= D "j1 + "J-oCk

OCk)(x- a) with j1 EM*(I) . 

A primitive of ffJD nJ1 will then be: 

and since J1= ° outside I, we have : 

On the other hand (cf. 6 .3 .6 .  and example 1 in 6 .3 . )  

( ffJ, 8(k) (x - a») = ( - 1  ) k ffJ (k) ( a ) .  
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Hence: 

6.7.6. ( t, q» � (_ l )kCk q>(k)(a) + (-l)"L q>(n)p . 

Observe that in this formula the values of ([J(x) for x tt l do not 

matter. So we may extend this formula by definition to all functions 

([J EC\/) . In C\/) it is common to define the norm by : 

6.7.7. 1 I ([J l l n= sup { 1 ([J (x) l , I ([J ' (x) l , . . . , 1 ([J (n)(x) l } . 
x E l  

Then Cn(/) becomes a Banach space and the convergence of a 

sequence (([Jp ) to 0 in this norm means the convergence of the n se­

quences (([Jp ) ' (([J� I ) ,  . . .  , (([J�n) to 0 uniformly on I. Now we have the 

following consequence of the Riesz theorem: 

6.7.8. THEOREM. There is an isomorphism f� u between the vec­
tor spaces M: (I) and Cn(I) ' defined by u (([J) = (f, ([J) \;f([J E Cn(I) . 

PROOF. a) Take f EM: (I) .  Then f is of the form: 

n - l  
/=Dnp + k

o
Ck8k)(x- a) 

with J1 EM*(I) and: 

u (q» = � (_l )'q>(k)(a) + (-1 )" L rp(n)p . 

This defines clearly a linear functional U on Cn(I) . On the other hand, 

we have : 

n - l 
l u (rp) 1  s � l ek l l l  rp l l n +  I l rp l l n l p l (I) 

which shows that u (([J) �O  as ([J � O. 
b) Take uECn(/) '  and set, for all f//EC(/) ,  v (f// ) = (-lru(,�n f// ) ,  

with ,;JlfI(x) = f lfI(�) d� .  Then v is a continuous linear functional on 
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C(/) and by 6 .7 . 3 . ,  there exists j.1 EM*(I) such that v(f// ) =  (j.1 ,  f// ) . 
Besides , every function rp EC\I) can be written in the form: 

k ( x- at ) 
Hence, if we set ck= (-l ) u k ! we find: 

U (ffJ) = � (-1 )'c, ffJ(')(a) + (-I )" L ffJ(n)j.1 

since u (,J'nrp(n» ) = (-lf v(rp(n» ) = (-lf ( u , rp(n» ) . 
n- l 

So if we put f= �c,O(')(x-a) + Dnj.1 ,  we have u (ffJ) = (t, ffJ) for all 
rp ECn(I) . • 

We shall denote by C;(I) the set of all Cn  functions rp on I such 
that rp(k)(a) = rp(k)(b) = 0 for k=O, . . .  , n .  It is obvious that C;(I) is a 
vector subspace of Cn(I) .  Also, every rp E C;(I) can be uniquely ex­
tended as a Cn  function on IR vanishing outside I, so that C;(I) can 
also be identified with a subspace of C\IR) .  We shall consider C;(I) 
provided with the norm 1 1 · l l n defined by 6 .7 .7 .  On the other hand 
M n(I) is the vector space of all distributions 1 on I of the form 
I= Dnj.1 with j.1 EM(I) .  Now from 6.7 . 8 . , follows :  

6.7.9. THEOREM. There is an isomorphism I� g between Mn(I) 
and C;(I) '  defined by u (rp) = (/, <p) for all rp EC;(I) .  Besides 
(I, rp)= (-lr (j.1, rp(n» ) if I= Dnj.1 . 

PROOF. a) Take I= Dnj.1 where j.1 EM(/) . Then if we set J DnJi where Ji is the minimal extension of j.1 to IR (cf. 6 .7 . 3 . ) ,  1 
defines a functional JiEC\I), whose restriction to C;(I) is obvi­
ously an element u of C; (I) '  such that 
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But as Jl [a, a] = Jl [b, b] = 0, it is easily seen that 

So, we can write u (qJ) = (f, qJ) = (-lr ( u, qJ(n» ) .  

b) Take now u EC* (J) ' . Observe that for every function qJ EC n(/) 

there is one and only one function qJoE C* (/) such that: 

n n 
tpo (x) = tp (x) -�a/x- a)k- (x- ar � b.(x- b)k, 

where the coefficients a
k 

and b
k 

can be obtained as linear combina­
tions of the values qJ(k)(a) , qJ(k)(b) for k=O, 1 , . . . , n. We shall denote 
by 1C the mapping qJ �  qJo of C n (/) onto C; (/) . Since the a

k
, b

k 
are 

linear combinations of the qJ(k)(a) , qJ(k)(b) , it is readily seen that 1C is 
a projection, i .e . a linear mapping such that 1CqJo = qJo for all qJo in 
C; (/) and continuous .  So if we set U(qJ) = U (1CqJ) , U will be a contin­
uous linear functional on C n (I) extending u ; hence there exists a dis­
tribution fEM; (/) such that u(qJ) = Cf, qJ) and therefore., if we put 
f = p/f, it follows that u (qJ) = (f, g ) . Finally suppose (f, qJ) = (g ,  qJ) 

for all qJ E C; (J), with f= Dnf,1 , g = Dnv ,  v ,  J.l EM(J) .  Then if we put f D n Jl ,  g = D n v ,  where Jl, v are the minimal extensions of f,1 ,  v ,  

i t  follows that (7, qJ) = (g, qJ) for all qJE C n (J) , so that f g (by 
theorem 6 .7 . 8 . ) and therefore f=g . •  

We shall now denote by C; (/) the space of all Coo  functions qJ 

on 1= [a, b ]  such that qJ(n)(a) = qJ(n)(b) = 0, for all n E/No . Such func­
tions can be identified with the C oo  functions on /R with support con­
tained in l. In that space there is defined a topology making Coo  an 
(F)-space by means of the sequence of norms 1 1 · l l n . This being so: 

6.7.10. THEOREM. There exists a vector isomorphism f� U be­
tween lW(/) and C; (/) '  which is given by theformula u (qJ) = (f, qJ) . 

Besides 
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6.7.11 .  (Df, cp ) = - u (cp ' ) ,  'V cp E C; (/) 

and, if J is a compact interval contained in I, then 

6.7.12. 

where uJ and fJ are the restrictions 0/ u and f respectively to C; (J) 
and J. 

PROOF. a) Take f E !?)J(/) .  Then there exists an integer n such 
that f = DnF with FEM(/) .  So if we set u (cp) = (f ,  cp) = (-lr (F ,  cp) 
for all cp E C; (I) ,  u is  clearly a continuous linear functional on 

C; (/). 
b) Take uE C; (/) ' . Now, a fundamental system of neighbor­

hoods of ° in C; (I) is given by the sets : 

Hence, for any 8> 0, there exists an £ > 0  and n such that 
£u(BJ < 8. But this means that u is continuous with respect to the 
norm 1 1 · 1 1 n on C; (I) and we shall see in the next paragraph that 
C; (/) is dense in the normed space C* (/) .  So u can be uniquely 
extended as a functional uE C* (/) ' ;  i .e .  there exists one and only one 
distribution fEM(/) such that u (cp) = (f ,  cp) . 

Finally 6 .7 . 1 1 . and 6 .7 . 1 2 .  are easy consequences of the preced­
ing results . •  

This theorem shows that the dual space of C; (I) affords a model 
of the axiom system in 2 .2 .  if we identify every function f E C (I) 

with the functional u such that u (f{J) = I f f{J and if we define Du by 

Du (cp) = - u (cp ' ) .  
As a matter of fact, Sobolev had first (in 1 936)  the idea of 

taking such functionals as generalized/unctions (of real variables) . 
This method was developed in a systematic way by L. Schwartz in 
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1 944-45 . So,  according to Schwartz the elements of C; (I) '  are 

called distributions on I. The sum of two distributions u and v is the 

sum of the functionals u and v in the usual sense, the restriction of u 

to an interval l e l  is the restriction of u to C; (l) ,  and so forth. 

Till now, we have been concerned only with a compact interval 

l. Let us consider now an open interval Q in IR and let us denote 

by C; (Q) the set of all C oo  functions on Q with bounded carrier, 

contained in Q. According to Schwartz, C; (Q) is provided with the 

topology obtained as the inductive limit of the topologies of the 

(F )-spaces C; (/) .  Then, a linear functional u on C; (Q) is continu­

ous if and only if the restriction u/ is continuous .  This being so, 

Schwartz called the elements of C; (Q)'  distributions on Q. But 

now theorem 6 .7 . 1 0. leads directly to the following : 

6.7.13. COROLLARY. There is a vector isomorphism f++ u between 
PJ (Q) and C; (Q) ' .  

The result can obviously be  extended to any open set Q in  IR . 
It must be observed however that Schwartz denotes by PJ(Q) the 

space C; (Q) and by PJ'(Q) the space of global distributions ·on Q.  
On the other hand, Schwartz defines the topology on PJ (Q) as the 

strong topology of C; (Q) ' .  But it can be proved without difficulty 

that this topology is the same one that we have defined directly in 

chapter V, i .e .  the isomorphism in 6.7 . 1 0 . is a topological isomor­

phism. 

The functional theory of distributions requires some warning in 

order to avoid misunderstandings . This begins already with mea­

sures . Observe, for example, that if f is a locally summable function 

on IR and f1 the corresponding measure, we have f1 (J) = i f (x) dx for 

every bounded interval I; but if we consider a one-to-one C l  map­

ping h of IR on to IR , the transformed f.1* of J1 by h is given by 

f1* (1) = i f(h (t )  )h ' (t )dt 
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so that J1* is defined by ( f o h)h ' , instead of by f o h . Hence functions 
and measures behave differently by change of variables, so that the 
identification of functions with measures works only as far as a sub­
stitution x = h (t) with h '� l  is concerned. 

The same difference arises between global distributions (as we 
have defined them) and distributions according to Schwartz : the first 

behave like functions and the second like measures, by change of 

variable. In such a situation, functions cannot be identified with 

linear functionals, since the first are contravariant vectors and the 
second covariant vectors. 

As a last example, let us consider the space 5t \Q) of all 

functions fE  C\Q) such that f (k) is square-summable on Q for 

k = O , . . .  , n (n E /No ) '  provided with the following definition of her­

mitic product: 

Then 5t\Q) is a Hilbert space, whose dual is just isomorphic to 

5tn(Q) .  But according to Schwartz, 5t\Q) ' is identified with the 

p 
space 5tn(Q) of all distributions f of the form f=L Dkvfv where p is 

v = l 

an arbitrary integer � O  and O � kv � n , fvEL2 (Q) for v = l , 2, . . . , r. 
Obviously this identification requires special care. 

6.8. The approach of functions or distributions by means of C 00 
functions. Distributions according to Mikusinski 

Consider the function y defined as follows :  

y (x) = 

( X  )-1 
1 + exp 2 for 

x -I 
o for 

1 for 

-1  < x <  1 

x < - 1 

x � 1 
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It can be seen by elementary calculations that y is a C oo  function 

on IR increasing from 0 to 1 .  Set 

6.8.1.  Hn(x) =y (nx) and �= H: for n= l ,  2, . . . . 

1 1 
Then bnE C oo, �(x) = O  if I x  I � - ,  �(x» O if I x l  < - and 

n n 

L: 8" (x)dx = 1 for n = l ,  2, . . . . It follows that on -'i> ° (cf. 5 . 3 . ) .  

Moreover: 

, 6.8.2. LEMMA. If f E C(/R) and 

qJn(X) = L:oo 0n (x- t ) f(t ) dt for x EIR, n = l ,  2, . . .  , 

then fPn E C OO(/R) for all n and fPn � f uniformly on each compact 
interval. 

. 1 
PROOF. SInce bn (x- t) = O  for I x - t l > - ,  

n 
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x- l In x x+ lIn 

we have 

tpn(X) = r+l! 8,, (x- t) f(t ) dt , 'fix E IR, n= l ,  2, . . . . 
n 

Consider now a compact interval J = [a, b] and put K = [a -1 , b + 1 ] .  

Then: 

tpn(X) = L 8" (x- t ) f(t ) dt , 'r/x E J, n= 1 , 2, . . .  

and since 8n E C 00 (lR) for all n, it is readily seen that ({In E C 00 (/R) for 
all n. On the other hand, by the mean value theorem there exists for 

1 
each x E J and each n = 1 ,  2, . . . a real ; such that I x - ; I < - and 

n 

tpn(X) = f(�) r+l! 8,, (x - t) dt =  f(�) . 
n 

But f is uniformly continuous on the compact interval K. So, for every 
c>  0 there exists an integer r such that I f (x) -f (x ' ) 1 < £ ,  whenever 

1 
x, x 'EK and I x -x ' I < - .  Hence I f (x) - ({Jn(x) I = l f(x) -f(;) I < £ for 

r 

all x E J and n >  r, which proves the lemma . • 

6.8.3. THEOREM. Let I be any interval, p an integer � 0 and 
fECP(I) . Then there exists a sequence of functions ({JnE C oo(/R) 
such that ((In

(k) � f (k) uniformly on each compact interval J C l, for 
k= O, . . . , p . 
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PROOF. a) Suppose I = IR. Consider the sequence �l defined as 

in the lemma. Observing that 

DX�I (X- t ) =-Dt�(x- t) and �;k) (X_ t) = 0  for I x - t  I > � ,  k = O, 1 ,  . . .  , 

it is easily seen that 

((In
(k) (x) = f On(k) (x - t)  f (t ) dt JIR 

= (- ll  f [Dt(k) �1 (X- t) ]  f(t ) dt JIR 

n 

= f �(x- t ) f (k)(t ) dt , Vx EIR , k=O, 1 , . . .  , p, n = l , 2, . . . . JIR 
Now, applying the lemma to the functions f (k) , it is readily seen that 

((In
(k) � f (k) uniformly on each compact interval . 

b) Suppose I is closed. Then it is possible to extend f to a 

function J E CP(lR) (for example, if I is  bounded, it is possible 

to make f equal to two polynomials outside I) .  Now, if we set 

{fin = f � (x - t )  J( t )  dt and ({In = PI (fin the theorem is proved in this JIR 
case. 

c) Suppose I is open. Then, there exists a one-to-one C <Xl map-

ping h of IR onto I. So if we put g = f 0 h ,  f!In = f � (x - t )  g (t ) dt and JIR 
({In = f!In 0 h -1 the theorem is proved in this case. 

d) Suppose finally that I is half-open. Then it is possible to ex-
,...., 

tend f as a continuous function f on an open interval I -:JI, which re-

duces the proof to the previous case. • 
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We are going to establish a similar theorem for the space C; (I) 
but, for that purpose, it is convenient to prove, first, a lemma. It is 
sufficient to consider the case when I is compact, 1=  [a, b ]  . 

6.8.4. LEMMA. Let f be a C oo  function on I such that fCk)(a)=fCk)(b)=O 

for k = 0, . . . , p. Then there exists a sequence of functions CPn 
E C; (I) 

such that CPnC
k) � f Ck) uniformly on I, for k = O, . . . , p. 

PROOF. Set an(X) =Hn (x-a- : ) -Hn (X- b +  : ) , \:/x EIR ,  

n=  1 , 2, . . .  , where Hn is given by 6 .8 . 1 .  It is easily seen that for 

4 [ 2 2 ] 
n >  , we have an (x) = 0  outside I, an (x) = 1 on a +- , b - -

b - a n n 

and I an (x) I s i for all x. On the other hand, since Hn (x) =y (nx) ,  we 

Ck) k (k) 
. [ 2 2 ] 

have Hn (x)=n y  (nx) for k=O, . . . , n . Then lf we put In= a +
-;;
, b-

-;; 

and M max ( l y(x) I , . . .  , l ycP) (x) I ) ,  it is readily seen that for all 
- l :s x s l  

4 
n >  and k= O, I ,  . . . , p, 

b-a 

6.S.S. 

Thus,  set CPn 
= anf for n = 1 , 2, . . . . Then CPn 

E C; and CPn 
= f on 

4 
In for n > . On the other hand: 

b - a  

6.8.6. 1P:'J- f ('J =i: (k) (an-lrf Ck-V\ for k = O, 1 , . . " 
v = o  v 

But since f Ck)(a) =f Ck)(b) = 0  for k = O, 1 ,  . . " p, it follows that: 
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. f (k)(X) . f (k)(X) 
lzm -

k 
= lzm p -

k 
= 0  for k=O, l ,  . . .  , p 

x -. a +  (x- a) P x -+ b - (x- b) 

and therefore there exists a sequence of numbers en such that en � 0 
and: 

I f (k)(X) I S ��k on I\In ' for k=O, . . . , p. 
n 

From here, from 6 .8 .5 . and from 6 .8 .6 . , follows :  

I lI'n(k)- f (k) I s 2k(2M + 1 )  ��k ' for k=O, . . .  , p . • 
n 

6.8.7. THEOREM. For every fEC� (I), there exists a sequence of 
functions lI'n E C; (I) such that lI'n converges to f in the norm 1 1 · 1 1 p. 

PROOF. Consider fE C� (I) .  By 6. 8 . 3 . ,  there exists a sequence 
of functions If/" E C 00(1) such that If/" � f in the normed space CP(I) .  
We have also seen in the proof of 6 .7 .9 .  that there exists a continuous 
projection 7r of C P (I) onto C � (I) such that 7r( qJ) - qJ is a polynomial 
for every lI' E CP(I) .  Set Xn= 7rIf/,, ; then Xn E C OO(I) for all n and 
I I Xn-f I l P� o. Finally, by the lemma, there exists for every n a se­
quence of functions Xn 1 ' Xn2 , • • •  , belonging to C; (I) and converging 
to Xn in I I · I I P . Then, from the double sequence Xnk , we can select a se­
quence of functions lI'n E C; (I) converging to f in the norm 1 1 · l i P . • 

Consider now a distribution f on IR and set: 

lI'n(x) = f 8n<x- t ) f(t ) dt JIR 
where 8n is given by 6 .8 . 1 .  Then if f= D

n
F with FE C(IR) , it is read­

il y seen that: 

and from 6. 8 .2 . ,  it is concluded that qJn � f in the distributional sense. 
This result can be extended to every f E PJ (IR) observing that on 
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every compact interval I, f reduces to a distribution . Finally, if I is 
any interval in IR , we can see by the technique used in the proof of 

6.8 .3 . , that: 

6.8.8. THEOREM. For every f E!if (I) there exists a sequence of 
functions fPn E C O) (I) such that fPn � f. 

Remember that the space !if (I) is complete. Theorem 6 .8 . 8 .  has 
suggested to Mikusinski a construction of the space !if (I) by com­
pletion of CO)  (I) with respect to the distributional topology. Accord­

ing to this approach, a fundamental sequence is a sequence of func­

tions fPn E CO)  (I) such that, for every compact interval J C I, there 

exists an integer p and a sequence of functions lPn E C O)  (I) (depen­

dent upon J) such that fPn= D
n
lPn on J and lPn is uniformly conver­

gent on l. Two fundamental sequences (fPn )  and (fYn )  are said to be 
equivalent if and only if for every compact interval J C I, there exists 
an integer p and two sequences of function lPn ' fYn in CO)  (I) such 
that fPn = DP lPn ' fYn = DP � and lPn - � � 0 uniformly on J. This turns 
out to be actually an equivalence relation. Hence the corresponding 
equivalence classes are called distributions (i .e . global distributions 
according to our terminology).  

REFERENCES 

[ 1 ] S .  LOJASIEWICZ. Sur la valeur et la limite d 'une distribution en 
un point. Studia Math. 1 6  ( 1 957) pag. 1 -36 .  

[2] 1.  MIKUSINSKI-R. SIKORSKI. The Elementary Theory of Dis­
tributions. Panstrowe Wydunictwo Nankowe, Varsaw, I ( 1 957) ,  11 
( 1 96 1 ) . 

[3] 1. SEBASTIAo E SILVA. Sur une construction axiomatique de 
la theorie des distributions. Revista da Faculdade de Ciencias de 
Lisboa ( 1 954-55) . 

[4] L. SCHWARTZ. Theorie des distributions, I, ll. PARIS ( 1 950-5 1 ) . 



1 26 

[5] S .  L. SOBOLEV. Methode nouvelle Cl resoudre le probleme de 
Cauchy pour les equations lineaires hyperboliques normales. 
Mat. Sbornik 1 (43) ,  39-72, ( 1 936) . 



CHAPTER VII 

DISTRIBUTIONS OF SEVERAL VARIABLES; 

FUNDAMENTAL CONCEPTS 

7.1. Intervals in IRn space 

Let n be any integer >1. Given two points, a = (a l ' ... , an) and 

b = (bp ... , bn) in the IR
n 

space, we shall write a < b , iff aj< bj for 

j=l, . . . , n, and a<b iff aj< bj for j=l, . . . , n. Then the bounded 

intervals ]a, b[, [a, b], ] a, b], [a, b[ with the extremities a, b are to be 

defined as in the case of one single dimension. For example, [a, b] is 

the set of all points x of IR 
n 

such that a s x s b (a rectangle in n = 2, 

a parallelepiped if n=3, etc). In turn, the set of all points x of IR
n 

such that a < x is the open interval ] a, + 00 n [, unbounded on the 

right. In any case, an interval I in IR
n 

is the Cartesian product of n 

intervals in IR. For example, if 1= [a, br, then 1=11 x 12 X • • •  x In' with 

11 = [ap hI [, ... , In= [an' bn[· 

In order to make the reciprocal of this statement also true, we 

shall call every Cartesian product of intervals 11 , ... , In in IR an in­

terval I in IR
n

. Then the interval is said to be degenerate, iff at least 

one of the intervals 11 , ... , In is. 
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7.2. Distributions on an interval 1 in IRn 

Let I be any interval in IR n, hence the Cartesian product of n in­

tervals Il ' . . .  , In in IR , and consider the space C(I) (in short C) of all 

complex valued functions f(x) = f(xl " " ,  xn ) ,  which are defined and 

continuous on I. As in the case of one single variable, C(I) is a com­

plex vector space (and even a complex commutative algebra) , rela­

tively to the usual algebraic operations . For each k =  1 ,  . . .  , n we shall 
denote by Dk the partial derivation operator with respect to xk ' that is 

Dk =� ' Then, for each system r = (rl " ' " rn ) of n integers rk � O , we dXk 
put: 

and denote by Cr (I) the set of all functions f such that Dk f (for k s r) 

exists and is continuous on I in the ordinary sense, independently of 

the order in which the differentiation are performed. 

On the other hand, considering for each k a fixed point c k in Ik , 

arbitrarily chosen, we shall put 

The integration operator ,3k defined in this way, is obviously a 
linear mapping of the space C into itself, More generally, for every 
system r = (r i ' . .  " rn ) of n integers , rk � O, we shall denote by ,3r 
the operator ,3(1 . .  , ,3;11 , Obviously, ,3k is a right inverse of Dk , i .e . , 
Dk,3k f = f, for any f E C. More generally, for every system r = (rl , ' , " rn ) 

of non-negative integers , we have Dr,3rf=f, VfEC. 
As each Dk is not defined on the whole space C (as a mapping 

of C into C) ,  there arises the problem of enlarging the set C, in 
or-der that the operators Dl ' ' ' ' ' Dn may be extended as mappings of 
the enlarged set into itself according to some natural conditions,  
which we are going to state precisely in the form of axioms . The new 
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set will be denoted by !W(/) and its elements will be called dis­
tributions on I. The set !W(/), provided with the n basic operators 

DJ , . . . , Dn ,  is just defined, up to an isomorphism, by the following 

system of axioms: 

AXIOM 1. If fEe(/), then fE!W(/) . 

AXIOM 2. To each f E!W(/) and each k = 1 ,  . . . , n there corresponds 
an element Dkf of !W(/) (the derivative of f with respect to xk ) ,  in 
such a way that: (i) if f is a function having a derivative f:k , with 
respect to xk ' in ordinary sense and continuous on I, then Dkf coin­
cides with f:k ; (ii) the operators D1 , • • •  , Dk are mutually inter­
changeable, that is: Dj Dk f = Dk � f, for all j, k = l , . . .  , n, and all 
fEPfl(/) .  

DEFINITION. If r i s  any system (rl ' . . .  ' rn ) of  n non-negative in­

tegers , then Dr = D(1 . . . D:n . 

AXIOM 3. For every f E§(/) there exists a system r of n integers 
� O  and afunction F E C(/) such that f= DrF. 

AXIOM 4. If r is a system of n integers rk � 0 and F, G E C (I), 
then we have DrF = DrG if and only if F- G is of the form 
F - G = e1 + . . . + en ' where ek is a polynomial in Xk of degree < rk 
whose coefficients are continuous functions on I independent of Xk 
(for k = l ,  . . .  , n). 

More explicity, each ek considered in this axiom is of the form: 

where the coefficients a kv are continuous functions on I independent 
of xk . We shall denote by �k rk the set of all functions 8k of this form 
(for k = 1 ,  . . . , n) and by �r the set of all functions 8 of the form 
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e= e[ + . . . + en with ekE CJPkrk (which we call pseudo-polynomials 

of degree < r ) . Thus 

In turn, the set of all systems r of n integers � 0 will be denoted 

by 1Non. 
As for the case of one single variable, it can be proved, in a sim­

ilar way, that this axiomatic system is both consistent and categori­

cal .  The only essential difference arises in the proof of consistency, 

about the definition of the equivalent relation. We are going to see 

precisely what this difference consists of. 

Axiom 3 says that every distribution on / is determined by a 
couple (r, F )  where r E 1Non and F E C(/) .  On the other hand, axiom 

4 leads to define a relation --- in the set of all such couples in the 

following way : (r, F )  --- (s , G )  iff there exists a system m of integers 

such that m � r, s and 

7.2.1. 

The difficulty arises just when it is necessary to prove that, if 

there exists at least one m > r , S satisfying 7 .2 . 1 . , then every other 

system h such that h � r, s satisfies the corresponding condition. Now 

this can be proved with the aid of two lemmas : 

LEMMA 2. If e E CJPr and, in addition, e E C P then Dp e E CJPr_p for 
p < r . 

In fact, suppose that these two lemmas are true and denote by IL 
the least system of integers such that IL > r, s ,  that is ,  IL = (J1 I ' . . . , J1n ) 
with J1i = sup (rp sJ, i = l ,  . . .  , n .  Then, if m is any system � r, s ,  

satisfying 7 .2 . 1 . , we obtain, by applying D m - p.  to both members of 

7 .2 . 1 .  and taking lemma 2 into account: 
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The remaining part of the proof is analogous to the one given 

for the case n = 1 .  So, it is easily proved that the relation ---- just de­

fined is an equivalence relation, and the class of all couples equiva­

lent to (r, F )  is denoted by [r, F ]  etc . It is, however, convenient to 

observe that the derivation operators can now be defined in general 

by putting: 

Dp [r, F ]  = [r +p ,  F ]  

for every system p EINon ; in particular, D, =D( I · o . . . . .  O), • • •  , D
n
=D(o. o  . . . . .  I ) . 

The preceding definition shows immediately that these operators are 

interchangeable. 

PROOF OF LEMMA 1 .  It is almost immediate . It will be suf­

ficient to remember that ,Jp equals the product ,Jp (  . . .  ,JPn regardless 

of the order, and that, if Bk is a polynomial of degree < rk in xk ' whose 

coefficients are continuous functions on I independent of x k ' then 

Jjek is again a polynomial in xk ' with coefficients of the same type 

and of degree < rk + 1 or < rk , according to j = k or j ;z! k . • 

PROOF OF LEMMA 2. It can be reduced to the following 

proposition : if B E  ClPr and, in addition, BE CP, then B can be repre­

sented in the form e= w,  + . .
. + wn ' where wkE ClPkrk '  and, in addition, 

wk E CP . 
In fact, this implies that DP wkE ClPk. rk -Pk ' hence Dp B E ClPr_p ' by an 

argument similar to the one used for lemma 1 .  

To prove the preceding proposition,  remember that I i s  the 

Cartesian product of n intervals Ii ' . . .  ' In in IR . Let Ck l , • • •  
, Ckrk be rk 

points chosen arbitrary in Ik for k = 1 ,  . . . , n .  Then, to each function 

f E C and each k = 1 ,  . . . , n, corresponds one, and only one, function 
fkE ClPkrk '  such that: 



1 32 

To see this it is sufficient to apply the Lagrange interpolation 

formula: 

7.2.3. 

where 

7.2.4. 

and 

Thus lPv (ck,u ) = 0 for v #-J.l , which along with 7 .2 .3 . and 7 .2.4. implies 

7 .2 .2 .  

Let us denote by lik the mapping f --:. fk defined in this way for 

k =  1 ,  . . . , n .  It is readily seen that lik is a projection of C onto �krk ' 
that is a linear mapping of C onto <!Pkrk '  such that likf = f, for every 

f E <!Pkrk ·  
Suppose now that EJ is a function E <!Pr having a continuous 

derivative DPEJ on I in ordinary sense (p s r) .  Then EJ is of the form 

n 
e = .? e, with e. E Qi'", . Put W I = XI e;  since XI el = e" we have 

EJ - w  = ( I - li ) e + · · · + ( I - li ) (9 1 I 2 I n 

( l - li1 ) EJk E <!Pkrk for k =  2, . . . , n .  Put in general 
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Then it i s  easily seen by repeated application of the same argument 

n 
that e = � w, with w, E '1/'" " Finally, observe that w, is a polynomial 

in x k '  which is obtained by repeated application of Lagrange' s 

formula 7 .2.3 . ;  therefore, its coefficients are linear combinations 

of functions, which derive from e(x) by replacing one or more 

variables XI " ' "  xn by constants . Since DP8 exists in ordinary sense 

and is continuous on J, it follows that the same property holds for 

DPwk (k = 1 ,  . . . , n) . •  

7.3. Vector operations and other fundamental concepts 

Let f and g be any two distributions on an interval J in /R n, 
f=Dr  F and g =DsG, where r, s E/Non and F, G E C (J ) .  As in the case 
of one variable, we shall put, by definition: 

where m is any system of n integers such that m � r, s .  On the other 

hand, we shall put, by definition : 

It is easily seen, as in the case of one variable, that the set §(J) 

of all distributions on J becomes a complex vector space with the 

preceding two definitions. Moreover, it is obvious that the derivation 
operators Dp are linear mappings of this space into itself. 

Translation operators can also be defined as in the case of one 
variable . If f = DPF, with F E C(J ) , and h E /Rn, then shf =DP(ShF ), 
where 



1 34 

For every r E 1Non , we shall denote by Cr (/ ) - in short Cr - the set 

of all distributions i on / of the form i=Dr F, with F E C(/ ) .  

7.4. Restriction operators. Global distributions 

The restriction operators , for distributions on intervals in IR n, 
may be defined and denoted exactly as in the case of one variable 

and they have similar properties . In particular, if / is any interval in 

IRn, we can identify every distribution i on / with its restriction to the o 
interior of /, so that §"(/ ) C §J(/ ) . 

Besides ,  the collecting . principle can be extended to distribu­

tions on intervals in IR n by an argument similar to the one used in 

the case of one variable, but it is a little more complicated ; now 

the projections llk considered in 7 . 2 . should be used for each 

variable xk separately in order to "collect" to each other the given 

distributions . 

7.4.1 .  DEFINITION. If Q is a (non-empty) open set in IR n, a global 

distribution on Q is any system i = ( i/ ) that may be defined by 

assigning to each compact interval / C Q one distribution i/ on /, in 

such a way that, if J is a compact subin-terval of /, then iJ = A i/ . 

We shall denote by !if (Q) the set of all global distributions on Q 

and, as in the case of one variable, we shall put by definition: 

(i/ ) + ( g/ ) = ( f/ + g/ ) , A (f/ ) = (Afl ) , Dr(fl )  = (Drf/ ) · 

Then §J (Q) becomes a complex vector space and Dr  a linear map­

ping of §J (Q) into itself. In particular, every function f E C (Q) may 

be identified with the global distribution ( fl ) , where fl is the restric­

tion of f to each compact interval / C Q ,  so that C (Q) C §J (Q) .  
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7.4.2. DEFINITION. A global distribution f on Q is said to be of 

finite rank, if and only if there exists r E /Non and f E C (Q) such that 

f = D r  F; otherwise, f is said to be of infinite rank. 

In particular, if Q is an interval , it is easily seen, by the collecting 

principle, that every distribution f on Q can be identified with a 

global distribution of finite rank on Q. So, in the general case, the 

global distributions of finite rank on Q will be called distributions 

on Q, and the set of all these objects will be denoted by §J(Q) . This 

set, which is obviously a vector subspace of §J (Q), could also be 

defined directly by a system of axioms, as in the case of intervals .  (It 

should be observed that, contrary to the case of IR , the components 
of an open set Q in IR n are not, in general, intervals. ) 

In the preceding definitions,  we could consider, more generally, 

as the domain of a distribution, any set .4 such that 

Q C .4 C Q  

where Q is any (non-empty) open set in IR n. But as in the case of 

intervals,  it is easily seen that every distribution on .4 can be iden­

tified with a distribution on Q, so that §J(.4) C i?lf(Q) . 

If f, g E �(.Q) and (9 is an open set contained in Q, we write f = g 
on (9, if and only if the restrictions of f and g to each interval I C (9 
coincide. We say that f is null on (9, if and only if f equals the null 

function on (9. From the collecting principle follows that the union of 
all open sets where a global distribution f is null is again a set where 
f is null. That being so:  

7.4.4. DEFINITION. If f is a global distribution on an open set Q 

in IR n and if Qo is the greatest open set where f is null, then the set 

Q\ Qo is called the carrier of f. 
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7.5. Locally summable functions as distributions 

A function f is said to be locally summable on an open set Q 

in IRn if and only if f is summable on each compact interval IC Q.  

The integral of f over I may be denoted by i f. If the extremities of 

I are a = (ap . . . , an ) and b = (bp . . .  , bn ) with a s b ,  then we may also 
denote the integral by the notation 

ff (X)dx 

or more explicity, 

If the condition a s  b is not satisfied, we shall put, by definition 

where a = inf(a, b) and p = sup (a, b) .  

7.5.1 .  DEFINITION. If f is a locally summable function on an in­
terval I in IR n , any function F such that 

where c is an arbitrary fixed point of I, is said to be an integral func· · 

tion of f on I. 
It can be proved that, if F is an integral function of f on I, then 

a a 
F E C(/) and f(x) = - . . . - F(x) almost everywhere in ordinary aX1 aXn 
sense. Moreover, if F] and F2 are two integralfunctions of j, then 
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n 
F, - F2 is a function fa of the form fa =.? fa. , where fa. is a continu-

ous function on I independent of xk ' for k = 1 ,  . . . , n . 
As in the case of one variable, two locally summable functions f 

and g on I have the same integral function, if and only if f (x) = g (x) 
almost everywhere on 1. In this case, f and g are said to be equiva­

lent on I, and the vector space of the corresponding equivalent 

classes [ f ]  is defined as in the case of one variable. 

Besides we shall denote by r (standardized f) the function de­

fined by the formula: 

only at the points x for which the written derivatives exist in ordi­
nary sense, independently of the order, and leading to the same value. 

From now on, when we speak of locally summable functions, it 

will be in general understood that they are standard functions, and 

we shall replace any equivalence class [ f] by the corresponding stan­

dard function r. The vector space of all locally summable functions o 
on I will be denoted by L (/) . That being so, it is easily proved, as in 
the case of one variable, that 

7.5.4. By assigning to each locally summable function f on I the dis­
tribution f* = DJ . . .  DnF, where F is any integral function of f, there 

o 
is defined a one-to-one linear mapping of L (/) into �(I), such that: 

(i) if fEe(I), then f = f * ; 

(ii) if f is absolutely continuous with respect to xk on Ik , for almost 
every system of values of the remaining variables, then, to the 
derivative f:k infunctional sense, corresponds the derivative Dkf*  in 
distributional sense. 

o 
That being so, it is natural to iden�ify each function f E L (I) with 

the corresponding distribution f * E �(/). 
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An important example of a (non-standard) locally summable 
function is the Heaviside function on IR n (which we shall denote by 
H [n) ) defined as follows : 

{ I if xk > 0 for all k = 1 ,  . . .  , n 
H [n] (x) = o if xk < 0 for some k = 1 ,  . . . , n "  

� 

The standardized H eaviside function H [n) is equal to H [ n] at any 
continuity point of H [n) and is not defined at any discontinuity point 

� 

of H [n) . For example, if n = 2, H [n] is not defined only on the semi-
axis x2 = 0, X I � 0 and x I = 0, x2 � O. 

0 1 
- - - - - - - - - -

X l  
0 0 

We shall put in general D = D 1 • • • D n " 
The Dirac distribution on IR n, which is denoted by c5'[n) , can be 

defined as the pure mixed derivative of H [n] , that is, c5'[n] = DH [n) . 
In general, given a locally summable function f, even if f is not 

a standard function, we may denote also by D'f, where r is any 
......., 

system of integers, the distribution D'j . For example, we may write 

c5'[n) = D H [n) . 

Remarks about notation: 

I) We shall often denote simply by H the Heaviside function on 
IR n, whenever no mistake seems possible. In particular, no misun-
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derstanding may arise, if the independent variables are written ; for 
example, the meaning of expressions such as H(xI ' . . .  ' xn ) ,  H(x3 ) ,  
etc . , becomes quite clear. I t  should also be observed that, in prac­
tice, variables appear generally without subscripts , but this gives 

no trouble ; for example, there will be no doubt about the meaning 

of expressions such as H(x, y) , H(t ) ,  etc . , or formulas such as 
H(x, t) = H(x)H(t) ,  ft (X' t) = f(x, t)H(t) ,  etc . ,  when x, y, t are real 

variables and f a function on IR 2 . 
Observe that the Dirac distribution at a point a of IR n is to be 

defined as in the case n = 1 : 

11) It must be observed that the preceding conventions about 
dummy variables cannot be extended, without some modifications, to 
distributions on IRn, Now, we shall adopt the following conventions : 

a) If f is a distribution on a subset of IR n and x, y ,  . . . are vari­
ables on IR n, then f(x) = f(y) = . . .  = f. 

b) If f is a distribution of one single variable, then f(xl ) , · · · ,  f(xn ) 
denote distinct distributions on subsets of IR n. 

For example, the symbols Xl ' . . . , xn denote n distinct functions on 
IR n - the coordinate functions . In turn, H(xl ) ,  • • •  , H(xn ) denote n 
distinct locally summable functions on IRn, whose product is H[n] , 
and so forth. 

7.6. Measures as distributions 

Let .Q be an open set in IR n. The concept of a measure J1 on .Q 
can be defined exactly as we did for the case n = 1 .  For the sake of 
simplicity we shall restrict us here to the case where .Q is an open 
interval 1. 

7.6.1.  DEFINITION. Let J1 be a measure on I and c = (C l ' . . . ' Cn ) a 
point of 1. If we put: 
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(k = 1 , 2, . . .  , n) 

then the function F defined by 

F(x) = sgn IT (xk- ck ) · f.1 (Jl x J2 x . . . x Jn ) for all x E I  is called the 
k 

integral function of f.1 from c .  

In order to see how to derive f.1 from F, it is convenient to con­

sider, for every system r = (ri ' . . .  , rn ) of integers rk � 0 and every vec­

tor h = (h l ' . . . , hn ) E IR n , the operator 

7.6.2. 

where ..4ihi is the difference operator defined by 

For example, for n = 2 

..4h f(x) = ..4 1 h ]..42h2 f (X l ' x2) 

= ..4 1 hJf(x I , x2+ h2 ) -f(x 1 , x2) ] 

= f(x I + h I ' X2+ h2 ) -f(x 1 + h I ' X2) -f(x 1 , X2 + h2 ) + f(x 1 , X2) · 

Now, it is easily seen that if F is an integral function of the mea­
sure f.1 on I (in IR n), then, for every pair of points a, b of I, such that 
a < b, we have: 

7.6.3. ,u] a, b] = ..4h F(a) , with h = b - a .  

Moreover, 
f.1 [ a, b] = Um f.1 ] x , b] 

X """ a 
f.1] a, b [  = Um f.1]  a,  x] 

x ...... b-
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and analogously for the other types of bounded intervals J, such that 
je l (in particular for degenerate intervals). 

Thus the measure J.1 can be determined entirely from its integral 
function F. 

It can also be seen that F is continuous on the right at every point 
a of L i. e. , F(a) = F(a+ ) . 

7.6.4. DEFINITION. By a primitive of a measure J.1 on I we shall 

understand any function F on I, continuous on the right, satisfying 

7.6. 3 .  

Obviously, every integral function of  J.1 i s  a primitive of J.1, but 
not conversely. 

Let us put, for every interval J= l a, b] with a, b E l  (a < b) : 

iiF(J ) = iih F(a) with h = b -a .  

Then, a function F on I is said to be of bounded variation, if and 

only if to each interval J= ] a , b]  with a , b E l,  (a < b) ,  there corre­

sponds a number M(J ) , such that, for every partition of each inter­

val Jk = ] ak , bk ] in a finite number of left open intervals Jk i ' · · · ' JkP k 
(k = l , 2, . . . , n), we have 

P I  Pn � . . . � I iiF(JI V 1 X • • •  x Jnv) 1 s M(J ) . 
vI = l  vn = l  

That being so, it is easily seen that: 

7.6.5. A function F on I is a primitive of some measure J.1 on I, if and 
only if F is of bounded variation on I and continuous on the right at 
every point a of I. Moreover, two such functions Fl and F2 are primi­
tives of the same measure if and only if FI - F2 if of the form 
(91 + . .

. + en where ek is a function of bounded variation on I, inde­
pendent of Xk ' k =  1 ,  2, . . . , n .  
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In the set 0ll (/) of all measures on /, there is defined the structure 
of a complex vector space, as in the case n = 1 . On the other hand, o 
every function fE L (/) can be identified with the measure f.1f' defined 

by lip) = L f. 

Finally, observe that every function F of bounded variation on / is 
locally summable on / and uniquely determined by the correspond­
ing standard function. Thus, applying 7 .6 .5 .  and taking into account 
axiom 4 in 7 .2 . , we arrive at the following conclusion : 

7.6.6. By assigning to each measure f.1 on / the distribution f * = DF, 
where F is any primitive of f.1 ,  there is defined a one-to-one linear 
mapping of 0ll (/ ) into §(/ ) such that, if f.1 is a locally summable 
function on /, then f.1 = f *. 

That being so, it is natural to put in the general case f.1 = f* , so 
that 0ll (/ ) becomes a vector subspace of §(/) .  This result holds, if 
we consider instead of an open interval /, any open (non-empty) set 
Q in IR n . 

7.7. Concepts of multiplication; tensor products, concrete 

examples. 

Let / be any interval in IR n . The product of a continuous function 
f on / with a measure f.1 on / can be defined as in the case of one 
variable. For example, we have, for every continuous function on IR n 

and every point a of IR n : 

f(x)8(x-a) = f(a)8(x-a) . 

If r is a system of n integers rk � 0, 0llr (/) - or simply 0llr - de­
notes the set of all distributions f = Dr F, where FE 0ll (/) .  Obviously, 
�r is a vector subspace of § and C r a sub algebra of c. 
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Now we can define the product fg of a function f E cr and a 

distribution g E mL
r

, so as to satisfy the two conditions : 

i) If g E mL, then fg is the product of the function f by the mea­

sure g in previous sense. 

ii) If Dk f E  Cr and g E 011r , then 

Then if f E c r  and g =DrG with G E 011 , the product fg is uniquely 

defined by the following formula (cf. chapter IV, 4. 1 . 1 . ) :  

where I l r -k l l = (r1 - k1 ) + . . . + (rn- kn ) · 

For example, for f E cr(IRn ) and a E IRn : 

As in the case of one variable, it is easily proved that 0llr becomes 
a module on the algebra Cr. 

Besides, we have several different possibilities of extending this 

concept of product, as in the case of one variable, and even new pos­

sibilities . For example : 

Let p be, not a system of integers, but an integer � O. Then we 

shall denote by CP(/) or simply CP the set of all functions f having 

continuous derivatives f (k) on /, in ordinary sense, of all orders 
sp, that is ,  such that I I k l l = l k1 1 + . . . + I kn l sp. On the other hand, we 

shall denote by 0R//) or simply by 0llp the set of all distributions g 
m 

on /, which can be expressed as sums � gv of a finite (arbitrary) 

number of distributions gv ' belonging to mLr with r =  (r1 , • •  · , rn ) and 
I r1 1 + . . .  + I rn l sp. 
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Now, if we require the distributive law to be maintained, it can 
be shown that, if fECP and gE01tp ' the product fg is uniquely de­
fined by: 

m 

fg= ::? fg, 

where fgv' is given by the previous general formula. Thus 0ltp be­
comes a module on the algebra Cp. 

Observe that, in particular, the space � of all distributions is a 
module over Coo, the space of infinitely differentiable functions (on J). 

Another new possibility arises from the concept of "tensor 
product". Let J and J be two intervals respectively in IRm and IRn 

spaces (m, n > 0). If f and g are two continuous functions on J and J 

respectively, then the expression f(x)g(y) = f(x l , ···, Xm)g(Yl'···' Yn) 
defines obviously a continuous function on the interval J x JCIRm+n. 

Let now f and g be two distributions on J and J respectively, 
f =DrF and g=DsG, with F EC(J), GEC(J). Then it is readily seen 
that the expression 

7.7.1. DrEBs [F(x) G(y)] 

denotes a distribution on J x J, uniquely determined by f and g. That 
being so 

7.7.2. DEFINITION. The distribution 7.7.1. will be called the 
tensor product (or direct product) of f by g and denoted by f®g 

or by f(x)g(y). 

It is readily seen that this tensor product is bilinear and associa­
tive, but, of course, not commutative. Furthermore, it can obviously 
be extended to any finite system, of distributions. 

For example: H[m]®H[n] =H[m+n], 8[m]® 8[n] = 8[m+n], 
8[3] = 8 ® 8 ® 8, etc. In a less rigorous, but more convenient notation, 
we may write also, for example (cf. 1.5.): 8(x, y, z) = 8(x)8(y)8(z), 

Dt8(x, t) = 8(x)8'(t), etc. 
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Many concrete situations lead to considering tensor products of 

distributions, as we have already seen in 1.5. For example, let f (x, y) 
be a locally summable functions on IR2, then f(x, y)8(z) will be a 
distribution whose carrier is contained in the x, y-plane. This may be 

the case of an electric charge distribution of suiface density f (x, y) 

on this plane. 
Analogously f(x, y)8'(t) may represent an electric doublet on 

the x, y-plane, and so forth. 
Similar situations may arise relating to curves, surfaces or, more 

generally, manifolds in IRn-spaces. 

7.S. Change of variables. Concrete examples; 8-distributions of 

a hypersurface 

Let a be a distribution on an open set Q in IR nand r a system of 

n integers rk > O. Then the symbol aDr will denote the operator defined 

by the formula 

for all distributions f on Q such that a is multipliable by Drf. In par­

ticular, if aECr:tJ(Q), the domain of aDr will be �(Q). 

By a linear differential operator of finite order we shall under­

stand any operator A which can be represented as the sum of a finite 

number of operators of the form aDr; then, the order of A is the 

greatest value of Ilr 11 occurring actually in all terms of the sum. 

That being so, let us consider any two integers rn, n > 1 and a 

mapping h of an open set Q* C IR n into an open set QC IR m. Then h 

is defined by a system of rn reai-valued functions h l' . . . , hm on Q*: 

which may be written x=h(t). 
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Let f be now a complex-valued function on Q and suppose 
fEC1(Q), hiECl(Q*) for i=l, ... , m. Then 

ah. 
or else, putting hi) = _I 

atj 

m 

7.8.1. Dt/fah)= � hjj(Dxifah), j=l, ... , n. 
l = 1 

a) Let us consider at first the case when m = n, and suppose that the 

Jacobean ofh with respect to t (i.e. the determinant Ihijl) is different 

from zero on Q*: 

(h .. . h ) 
J 1 n ;z! 0 for all t E Q* . 

t ... t 1 n 

Then 7.8.1. can be solved with respect to the functions Dx. fah: 
1 

n 

(Dx,f) oh=
}
� a,p./f oh), i=l, ... , n 

where ajjE Cl(O*) for i,j=l, . . . , nand [aij] is the inverse of the ma­

trix [hij]. This result may be expressed by writing : 

7.8.2. 

From now on the change of variables for distributions of n vari­
ables may be defined essentially as in the case n = 1. 

7.8.3. DEFINITION. If f=DrF, with FEC(Q) and r=(rl'0 . . ' rn) 

and if aijE cr(Q*) for all i, j then 
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f o h = D;(F o h) E Cr (Q*) 

with 

Uniqueness and other properties of the composition f 0 h may be 
proved as in the case of one variable. 

b) Consider now the case m < n and suppose that the characteristic 

of the matrix [ hijJ is equal to m for all t E Q* . Then, for every 

t OE Q* we could solve 7 . 8 . 1 .  with respect to (Dx f ) o h  in some neigh­

borhood of t o. But, in order to obtain a global solution (on Q), it is 
convenient to "normalize" the system 7 . 8 . 1 . , i .e . to consider the 
" normal" system deduced from the first: 

n m 
7.8.4. � hvj Dt/f o h) = � hVi (Dxi f o h) , v = l , . . . , m 

] = 1  1 = 1  

where 
n 

hVi = � hvj hij ' v = I , . . .  , m .  
] = 1 

Then the determinant I hVi I is different from zero for all t E Q* and 
the system 7 .8 .4. can be solved with respect to Dx o  f 0 h , for i = 1 ,  . . . , m I 

or in short 

n 
(DXi f )  o h =  � aij D,/ f  o h) 

] = 1 

n 
DXi = � aijDtj , i = l ,  . ' "  m , 

] = 1  

where the coefficients aij are C l  functions on Q* uniquely deter­
mined by the given functions hi ' 
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From now on the change of variables for distributions may be 
defined as in the previous case_ 

Suppose in particular m = l _  Let us consider the change of vari-
ables defined by a function u = h (xl , _ _ _  , xn ) mapping an open set Q* 
in IR n into Q in IR (now the new variables are XI ' _ _ _  , xn instead of 
t l ' _ _  - , tn ) - Assume h E C I (Q*) and 

Then, every function f(u) of the real variable u, such that fE C I (Q), 
is transformed into a function f(h (xI , _ _ _  , xn )) = (f o h)(x) such that 

7.8.5. Dx . (f o h) = h: . (f ' o h) ,  j = l ,  _ _ _  , n ,  J J 

where f ' = Duf- From this follows : 

hence putting 

we obtain 

that is 

7.8.6. 

n n 
� h: .Dx . (f o h) = (f ' o h) � (h: . Y ; � J J � J J = l J = l 

h' 
a . = 

Xj J' 1 n , = , - - - , , J (h' )2 + _ _ _  + (h' )2 X l  Xn 

D = a D + - - - + a D _ u I X l n Xn 

Observe now that, for each u Eh(Q*) ,  the equation h (x) = u rep-
resents a hypersurface L'u in IR n + l ,  and that al , _ _ _  , an are the com-
ponents of the vector 
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n wIth n = 

I I 
g rad h 

I grad h i  grad h 
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which is normal to .Eu at each point x. So 7 .8 .6.  can be written simply 

7.8.7. 1 a 
D = --- ­

u I grad h i  an 

where a/an denotes normal derivation with respect to the hypersur­
face .Eu ' i .e .  the differentiation along the unitary vector n (more pre­

cisely, along the vector field n) .  

c)  Suppose finally m > n. Then h maps Q* onto a manifold V of di­
mension s n contained in Q and, given a distribution f on Q, the 

composition f 0 h exists, if and only if there exists the restriction fv 
of f to V, as well as fv 0 h ;  then f 0 h = fv 0 h .  We shall speak later about 
this new concept of restriction. 

Examples : Consider the distribution 8 on /R and a C l  mapping f of 
an open set Q* in /R n into /R such that I grad f l ;I! 0 on Q*. Then it is 
easily seen that 80 f exists and is given by 

1 a 
H'(f(x)) = 

I 
I - H(f(x)) 

grad f an 

where a/ an denotes the derivation along the vector field n= l grad f l -1 

grad f. Observe that H(f(x)) equals 0 or 1 according as f (x) < O or 
f (x) > 0;  so, denoting by .E the hypersurface f (x) = 0, we could say 
that H(f(x)) equals 0 on the left of .E and 1 on the right of .E (.E is 
supposed to be oriented by means of the normal n) . On the other 

n 
hand, since � u;y .. 0 on Q*, there exists , for every xOEI, a 

bounded open interval I in /R n, containing xOE.E, such that the equa­
tion f (x) = 0 can be solved in I with respect to one of the variables 
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and 

Now we have (supposing, as we can, f� l> 0 on ] )  

n a I grad f l - - D -- -
an f ' X l  

X l  
1 + k (rp�y Dx , • 

-

Let l= [a l , b I ] x . . .  x [an ' bJ be an interval such that l e ]  and put 

LX2 Lx" tj/(x) = . . .  
a2 a" 

n 
1 + k [ rp�. <';' , . . .  , S'n>F H(j(xl ' S'2 ' . . .  , S'n ))dS', . . .  dS'n · 

It is readily seen that, in the neighborhood ] of xo, we have 

a -
- H(f(x)) = Dtj/(x) 
an 

-

where D = DxI Dx2 • • •  DXn. Applying this argument to each xoEI, it fol-
lows that 

a 
7.8.8. - H(f(x)) is the measure on Q* assigning to each bounded 

an 
-

interval l, such that l e Q*, the Harea " of I n  l. 

We shall denote by 8� this measure (8-distribution of the orient­
ed hypersurface I) and by HI the function H(f(x)) (Heavisidefunc­
tion of I).  Hence we have 

7.8.9. 

It can also be shown that, if f E e  2, then 

5:' ( a )2 . 
AH�= u� = an HI (where A = dlV grad) . 
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These considerations, except the preceding result, can be extend­

ed to the case where I is any oriented piecewise smooth manifold 

in IR n. It should be observed that, by considerations of such type, all 
the classical vector and tensor analysis can be rebuilt for distribu­
tions with proofs which are in general more natural and more simple 
than the classical ones. 

As an example of the 8-distributions of a hypersurface, consider 

the distribution 8( lx l -p), wherexEIR3, Ixl = YXi +xi +x� and p>O. 

It is easily seen that this distribution is the 8 of the sphere I xl = p. A 

concrete example may be a distribution of electric charge with sur­

face density 1/4n on the sphere, supposed to be a conductor in elec­

trostatic equilibrium. Then the charge distribution 8( l x l -p) creates 

x 
the electric field u defined by u = p2 

I x l3 Hc l x l - p) which derives 

from the electric potential 

v= 

1 1 
-- for Ix l sp 4n p 

1 1 

- -I I 
for Ixl>p· 4n x 

It is easily seen then that �V= -4n8(lxl-p). 

Consider now the distribution 8(X2_V2 t2), with xEIR3, t real � 0 

and v constant >0. We have now 

1 
O(X2-V2 t2) = 41xl [oClxl-vt) + oclxl + vt)], 

where 8(lxl-vt)=�H(lxl-vt) for each t�O. This distribution is 
an 

defined only for t �O and its carrier is just the wave cone x2- v2 t2= 0, 
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minus the origin. In turn, the carrier of 8(X2- v2 t2 + p), with p> O, is 
an hyperboloid of two leaves in the space IR; x IRt '  etc . 

7.9. Topological vector space of distributions of several variables 

Let I be a compact interval in IR n, p = (p, p, . . .  , p) E /N; , and 

consider the vector space C(/) provided with the usual norm 

I I f l l = max lf(x) l .  If we denote by Cp(/) the vector space of all dis­

tributions f of the form f = DPF = Df ' "  D: F, where FEC(/), it is 

natural to consider C/I) provided with the semi-norm corresponding 

to the ball DP U, where U = { f : fEC(/) , I l f l l = I } .  Now the kernel 

n 
of DP is the set Gp= �Gk. P of all pseudo-polynomials of degree 

« p, . . .  , p), and it can be proved as in the case of n= l , by means of 

Lagrange's interpolation formula, that Gp is closed in C(/) . Hence 

C/I) is a normed space. On the other hand: 

00 
lW(l) = U Cp(l) , 

p = o 

and it is easily shown, as in the case n = 1 ,  that the injection Cp ---+ Cp +1 
is compact for all p .  Hence lW(I) , considered as the inductive limit 
of the normed spaces C/I), is a (LN*) space. 

In particular, the convergence of sequences can be defined direc­

tly as follows :  

7.9.1 .  A sequence of distributions fkElW(/) converges to gElW(/) , if 
and only if there exists an integer p > 0, a sequence of functions 
FkE C(l), and a function GEC(I) such that: fk = DP� for all k, 

g = DpG and I I Fk- G 1 1 ---+ 0 . 
It is still readily seen that convergence in the mean on I implies 

convergence in distributional sense. 
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Let now D be an open set in IR n. The vector space § (D) is 

provided with the topology of the projective limit of the (LN*) 

spaces §(I) , where I is any compact interval in D, by means of the 

linear mappings PI. This means that a filter a converges to 0 in 

§f(D), if and only if PIO'converges to 0 in §(I) for every compact 

interval I CD. 

In any of these distributional spaces, the following property is 

obviously true: 

Examples: 1 - Put 

where <\=H; (cf. 6.8.1.). Then it can be seen, as in the case n=l, that 

lim Dr 8k[n] = Dr 8[n] Vr EIN;. k-+oo 

2-Considering primitives of the measures 5(x) and 5(lxl- �), for 

k = 1, 2, . . .  it is easily seen that 

Um 8(lxl-�) = 8(x). k-+oo k 

3 - Let Uk(x) be equal to � (resp. 
I
�

I
) for Ixls � (resp. Ixl> �) 

(k= 1, 2, ... , xEIR3). Then 

f [U/X) __ l ] dx�O 
JI Ixl 
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1 
for every bounded interval I, so that � � N in distributional sense.  

Hence 

and, therefore (cf. 2) : 

1 A - =-4no(x) on IR 3 . I x l  



CHAPTER VI I I  

PARTIAL I NTEG RALS AN D 

M U LTI PLE I NTEG RALS. CO NVO LUTI O N .  

8.1. Partial limits for distributions of two variables. 

Let I and ] be two intervals in IR , and suppose that ] is un­

bounded on the right. Given two functions f(x, y) and g(x) respec­
tively on I x ]  and I, f(x, y) is said to converge uniformly on I to g(x) 
as y �  + 00, if and only if for every £> 0, there exists a 7] E ] (inde­

pendent of x) , such that: I f(x, y) - g (x) 1 < £ for all y >  7] and x EI. 

On the other hand, if a is any real, we write f(x, y) E o(ya ) 

uniformly on I as y � + 00, if and only if (iff) 
f(x, y) � 0 uniformly 

ya 

on I as y� + oo. Put for every f E C(I x ]) :  

where xo ' (respectively Yo ) is a fixed point, arbitrarily chosen in I 

(respectively ]) . The following lemma is easily proved (cf. 6. 1 . 3 . ) :  

8. 1 . 1 . LEMMA. If a > - l and f(x, y) E o(ya) uniformly on I as 
y� + oo, then 
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�xf E o(ya) and �y f E o(ya+ l ) 

uniformly on I as y � + 00 . 

This lemma leads to the following: 

8.1 .2. DEFINITION. If f E !0'(I x J) and a > - I ,  we write 

f(x, y) E o(ya) on I as y �  + 00, iff there exist m, n E1No and 

F E  C(I x J) such that: 

( I ) f(x, y) = DxmD;F(x, y) ; 

(2) F(x, y) E o(ya+ n ) uniformly on each compact interval I* C I  
as y �  + 00.(7 ) 

Applying this definition and the lemma, the following properties 

are easily shown: 

8.1 .3. If f(x, y) E o(ya) and g(x, y) E o(ya) on I as y �  + 00, then, for 
all A ,  !l E e :  

8.1.4. If f(x, y) E o(ya) on I as y �  + 00, then Dx f(x, y) E o(ya) on I 
as y � + oo. 

8.1.5. If f(x, y) E o(ya) on I as y �  + 00 and (jJ(x) is multipliable by 
f(x, y) , then (jJ(x)f(x, y) E o (ya) on I as y �  + 00. 

Consider now g E !0'(I ) and fE !0'(I x J) ;  then: 

8.1.6. DEFINITION. We say that f(x, y) converges on I to g (x) as 

y �  + 00, if and only if f(x, y)-g (x) E o( l ) on I as y �  + 00. The 

distribution f (x, y) is said to be convergent on I as y � + 00, iff there 

exists a distribution g on I satisfying the preceding condition. 

(7) A more general condition could be required instead of (2) , but this definition is 
quite sufficient for applications. 
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The uniqueness property as well as the linearity property of 

convergence are in this case immediate consequences of 8 . 1 . 3 .  Then 

we can write: 

g (x) = lim f(x, y) or g (x) = f(x, + 00) on I, 
Y � + OO  

to express that f (x, y) � g (x) on I as y �  + 00 . 

On the other hand, the following important property, which 

does not hold in classical analysis, is an immediate consequence of 

8 . 1 .4 . : 

S.1 .7. DIFFERENTIATION PROPERTY. Iff(x, y) � g (x) on I as 

y �  + 00, then Dx f(x, y) � Dx g (x) on I as y �  + 00 ,  that is : 

Dx Um f(x, y) = lim Dx f(x, y) on I. 
Y -' + OO Y � + OO 

It turn, from 8 . 1 .5 . ,  follows 

S.1.7' . MULTIPLICATION PROPERTY. lff(x, y) � g (x) on I as 

y � + 00 and cp(x) is multipliable by f(x, y), then : 

Um [ tp (x)f(x, y)] = cp(x) lim f(x, y) on I. 

Moreover, applying 8 . 1 .7 .  and the linearity property, it is easily 

shown: 

S .1 .S .  SUBSTITUTION PROPERTY. If f (x, y) � g (x) on I as 

y� + 00 , and if h is a mapping of an interval 1* into I, such that 

f(h (t) , y) exists (cf. 6 .8 . ) ,  then g (h (t)) exists too and f(h (t) , y) � 

� g(h(t)) on 1* as y �  + 00 .  

This substitution rule concerns the parameter x .  Substitution 

rules concerning the converging variable y can be easily found as 

generalization of the criteria given in 6 .6 .  
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The "0 " symbol i s  extended to distributions f(x, y) on I x I, with 
respect to y, in the following way: 

8.1 .9. DEFINITION. If a> - I ,  we write f(x, y) E O(y«) on I as 
y �  + 00 ,  if there exist rn, n E1No and F E  C(I x l) such that: 

(i) f(x, y) = DxmDynF(x, y) ; 

(ii) for every compact interval I* C /, there exists a number M 
such that 

F(x, y) 
M 1* I (8) ---- s on x .  

( 1 + I y l )« +n 

More generally, if (fJ E C OO(I) ,  we write f(x, y) E O((fJ (Y» on I 
as y� + 00 ,  if and only if there exists a real Yo and a distribution 
fo (x, y)E 0 ( 1 )  on I as y �  + 00 such that f(x, y)= (fJ ( y)fo (X' y) , for 
y >Yo and x E I.  

Besides the linearity property, it is easily shown: 

8. 1 . 10 .  DIFFERENTIATION PROPERTY. If a is any real 
and f(x, y) E O(y«) on I as y � + oo, then Dx f(x, y) E O(yIX) and 

Dyf(x, y) E O(y«-l ) on I as y � + oo. 

Obviously all preceding considerations extend to the case when 
I is an interval unbounded on the left, and y � - 00 . 

8.2. Partial integrals for distributions of two variables. 

Let I and I be any two intervals in IR , f (x, y) a distribution 
on I x I. A distribution (fJ(x, y) such that Dy (fJ(x, y) = f(x, y) will be 
called a (partial) primitive of f(x, y) with respect to y. On the other 
hand, a distribution u (x, y) on I x I is said to be independent of y, if 

(8) The choice of ( 1  + I y I ) a + n  instead of ya + n  is only to make the quotient continuous on 
I* x J. 
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and only if it reduces to a distribution g of the variable x only, i .e . ,  iff 
it is of the form u (x, y) = �mG (x) with m E /No ' G E C(I) . 

8.2.1 . LEMMA. A distribution u on I x J is independent of y, iff 
D u=O. y 

PROOF. It is readily seen that, if u is independent of y ,  then 
Dy u=O. Suppose now conversely that Dy u=O  and assume u=�mD;U 
with m, n E /No and UE C(I) .  Then Dy u=�mD;+l U= O and therefore 
(cf. 7 .2 .  axiom 4) U must be of the form 

m - I  n 
U(X, y) = �x'a. < y) + � yjb/x) , with a, E C(J) and bjE C(l) , 

Hence u (x, y) = �mD;U(x, y) = n!�mbn(x) . •  

That being so, it is easily proved, as in the case of one variable : 

8.2.2. THEOREM. Every distribution f on I x J has infinitely many 
primitives with respect to y and two such primitives differ by a dis­
tribution independent of y. 

We are now able to define, in a natural way, the concept of par­

tial (or parametric) integral of a distribution f(x, y) . It will be suf­
ficient to consider integrals on /R . Let I be any interval in /R and 
jEf¥(I x /R ) ;  then : 

8.2.3. DEFINITION. The integral f f(x, y)dy is said to be conver­JIR 
gent on I, if and only if there exists a primitive ({J of f with respect 
to y wich is convergent on I as y � + 00 and as y � - 00 . Then, we 

write f f(x, y)dy = qJ(x, + oo) - qJ(x, - 00) on I. JIR 
From 8 .2 .2 . , follows at once the uniqueness of the partial inte­

gral . From the properties of partial limits we can deduce the linearity 
property for partial integrals, as well as the following properties : 
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8.2.4. DIFFERENTIATION PROPERTY. If r f(x, y) dy is con­JIR 
vergent on I, so is r Ix' (x, y) dy and JIR 

Dx 
r f(x, y) dy = r Dx f(x, y) dy on 1. JIR JIR 

8.2.5. SUBSTITUTION PROPERTY. If r f(x, y) dy = g(x) on I JIR 
and if h is any continuous mapping of an interval 1* into I such that 
f(h (t), y) exists, then 

r f(h (t) , y) dy = g(h (t» on 1*. JIR 
As for substitutions concerning the integration variable y, the 

criteria established in 6.6.  can be easily extended to partial integrals .  
In particular, we have, for all h E IR :  

8.2.6. 

8.2.7. 

r f(x, y + h) dy = r f(x, y) dy. JIR JIR 
r f(x, hY) dY = _

1

1

1 
r f(x, y) dy. JIR h JIR 

Criterium 6.3 .6 .  can also be extended to partial integrals :  

8.2.8. THEOREM. If for any compact interval 1*  C I, there exists 
a compact interval K such that f(x, y) = O  on I* x (lR- K), then the 

integral r f(x, y) dy is convergent on 1 .  JIR 
PROOF. Suppose f =�mD;F, with F E C(I x IR ) . The hypothe­

sis implies that, in a set {x E I* , y < -Yo } , F(x, y) reduces to a pseudo 
polynomial P of degree < (m, n), which we can assume to be zero, 
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otherwise we could subtract P from F (remember that P i s  uniquely 

defined by the value of F (x, y) for m values of x in 1* and n values 

of y in IR ) .  Then there exists a primitive of f with respect to y, 

say qJ, which is zero for x E I* ,  Y < - Yo and reduces to a function 

If/ independent of y for x E I* ,  Y > Yo ' Now, it is easily seen that 

qJ � 'If on I as y � + 00 and qJ � 0 on I as y � - 00 , so that 

f f(x, ; y) dy =  If/(x) . •  JIR 
Finally, the following extensions of 6 .5 . 1 .  and 6.5 .2 .  are easily 

proved: 

8.2.9. THEOREM. if f f(x, y) dy is convergent on I, then f E O(y-l ) JIR 
on I as y � 00. On the other hand, if there exists a < - 1  such that 

f EO( y« )  on I as y �  00, then f f(x, y) dy is convergent on l. JIR 
Remarks. 1 - If f (x, y) is a function, then for the convergence of 

f f(x, y) dy on I in distributional sense, it is not sufficient (nor nec­JIR 
essary) that the integral be convergent for each x E I. Obviously, 

a sufficient condition is that the integral be uniformly convergent 

on each compact subinterval contained in I. More generally, it can 

be proved that, if f is summable on each set 1* x IR , where 1* is a 

compact interval contained in I, then f f (x, y) dy is convergent on I JIR 
in distributional sense. 

2 - The differentiation property can be associated with the line­

arity property in a more general property. Let p (D) be a derivation 
n 

polynomial, that is  an operator of the form p (D) = � akDk, with 

a i ' . . .  , an E C. Then we have 
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p (Dx )
i 

f(x, Y) dy =
i 

p (Dx ) f(x, y) dy on I, 
IR IR 

whenever the first integral is convergent on I. 

Example. The preceding remarks offer a simple justification of for­

mula in 6 .3 .5 .  - 2.  Observe that: 

8.2.10. 
i e ixy 

-- dy = n-e- 1 x l for each x E/R .  
IR 1 +y2 

This can be easily found by the method of residues. Besides, as x, y 
are real variables , we have l e iXy l  = 1 and 

e ixy 1 
-- - for all x, y E/R .  
1 +y2 1 2 +y  

Thus the integral 8 .2 . 1 0. is dominated, for all x E/R ,  by the integral 

i ( 1  +y2)-ldy, which is obviously convergent. Hence, according to 
IR 

the Weierstrass test, the first integral is uniformly convergent on /R 
and therefore convergent on /R in distributional sense . Consequently, 

On the other hand, 

so that 

( 1 -D; )e- 1 x l = 2o(x) . 



Hence, from . 8 .2 . 1 0. follows :  

8.2.1 1. L e ixydy = 2 1C8(x) on IR . 
IR 

8.3. Multiple integrals (on IRn ). 
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Let f be a distribution on IR n and A any complex number. We say 
that f (x) converges to A as x � + 00 n if and only if there exist r EIN; 
and F EC(lRn)  such that f = Dr F and 

F(x) A 

Then, we write ..1= lim f(x) or ..1= f( + oon ) . 
x--+ + oo n 

The uniqueness of the limit, as well as the linearity property can 
be proved by an argument similar to the one used in the case n = 1 .  
The concept of convergence as x � - 00 is analogously defined. 

On the other hand, every distribution qJ such that D qJ = f (where 
D = Dl . . .  Dn ) will be called a pure mixed primitive of f. It is easily 
seen that: 

8.3.1. THEOREM. Every f E !?lJ(IR n) has infinitely many pure mixed 

primitives and two such primitives differ necessarily by a distribution 

n 
of the form � u j where U j is a distribution independent of Xj (that is, 

of the form Dru where u is a continuous function on IR n independent 
of x). 

That being so, we shall write by definition. 

8.3.2. 
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where qJ is any pure mixed primitive of f and 4h is the mixed dif­

ference operator A1h 1 • • •  Anhn • 
From 8 .3 . 1 .  follows that formula 8 .3 .2 .  defines actually a dis­

tribution t/J (x, x' ) on IR 2n independent of the choice of the pure 

mixed primitive qJ. To see this it is sufficient to observe that Ajhj uj = 0 
for every distribution uj independent of Xj • 

8.3.3. DEFINITION. A distribution f is said to be integrable on 

IR n, iff f't (�) d� is convergent as (x, x' ) --+ ( - 00 n
' + 00 n ) . Then we 

write : 

8.3.4. iRJ(X)dx= x�'!!, tt(�)df 
n x '- +OOn 

For example, if n = 2 

f f(x1 , x2) dx1 dx2= '1'( + 00,+ 00 )-qJ ( + 00,-00 )- qJ(- oo,+ oo )+ '1'(- 00,- 00) JIR2 
where qJ is a primitive of f with respect to x.  

The integral of f on IR n can also be denoted by f f or simply JIRn 
by f t. Uniqueness and linearity properties are immediate conse-

quences of the corresponding properties for limits . In order to obtain 

further criteria it is convenient to introduce a suitable definition of 

bounded distributions . 

8.3.5. DEFINITION. A distribution f is said to be bounded on IR n, 
if and only if there exists r E /N� and F E C(/Rn)  such that: 

(i) f =D' F ;  
(ii) for every regular matrix A of order n, the function 

xir1 . . .  x;;rn F (Ax) is bounded on IRn. 
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The linearity property of boundedness is easily proved. 

8.3.6. DEFINITION. Given f E �(IR n ) and qJ E c oo(IRn ) ,  we write 

fE O(qJ) as I x  1 -+  00 or simply fEO(qJ), if and only if there exists a 

distribution fo bounded on IR n and a real e> 0, such that f = qJ fo ' for 

I x l > e . 
That being so, the following generalization of 6 .5 . 1 .  is easily 

obtained: 

8.3.7. THEOREM. If there exists a < - n such that f E O( I x I a ) , then 
f is integrable on IR n. 

On the other hand: 

8.3.8. THEOREM. Suppose fE O( l x l a )  with a < - n  and let h be a 
C oo  one-to-one mapping of IR n onto itself such that 

(i) the lacobian matrix [D; h) of h is regular on IR n and con­
verges to a regular matrix as I t  1 -+  00 , 

(ii) DTDi hjEo (t T ), for all r E IN; , i ,  j = 1 ,  . . . , n (9) . 

Then the classical substitution rule applies: 

1 f(X)dx =l f(h (t» l(h) dt . /Rn /Rn t 

We shall outline the proof only in the case when h is a non-de­

generate affine mapping, that is a mapping of the form h (t) = c +M(t) ,  
where c i s  any vector in IR n and M i s  a regular matrix of order n. This 

case may be taken as a model for the general case since h behaves 

asymptotically just as an affine mapping according to (i) . 

(9) As far as functions are concerned is understood that the stated conditions are to be 
taken in ordinary sense. 
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Put qJ(x) = ( 1 +X12 + . . .  + X; ) 1I2 and suppose fE O( l x l a ) , with 
a < - n. Then, it is readily seen that f E O(qJa ) , i .e .  there exists r E IN; 
and F E  C, such that f = qJa Dr F, with X1r\ . . . x;rn F (Ax) bounded on 
IRn for every regular . matrix A of ·order n. In such conditions it is 
easily found: 

f f(X) dx = (-l ) " T "f rp(Tl(X) F(x) dx , where I l r l l = r] + . . . + r
n · 

Now: 

and it can be seen, without difficulty, that the last integral is just 
equal to 

(-l) I I T "f f (h (t» l det M ldt . 

8.4. Partial and multiple integrals. 

Let us consider a distribution f(x,  y) on IRm+n, with x E IR m  and 

y EIRn  (rn, n = l ,  2, . . . ) .  The concept of partial integral f f(x, y) dy JlRn 
can be easily defined as a generalization of preceding concepts of 
partial and multiple integral, with similar properties . But there is a 
new property : 

8.4.1 .  THEOREM. If f(x, y) is integrable on IRm+n and in addition 

the integral f f(x, y) dy is convergent on IRm, then JlRn 
f f(x, y)dxdy = f ( f f(x, Y) dY) dx . J/Rm+n J/Rm JlRn 
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This is a consequence of a property for limits that we can state 
as follows : 

8.4.2. THEOREM. If f(x, y) is convergent as (x, y) � (+ OOm ' + oon ) 
and if in addition f(x, y) is convergent on IRm as y � + oon ' then 

lim f(x, y) = lim ( lim f(x, y») , 
X - + OOm X - + OOm y - + OOn 
y - + OOn 

PROOF. It is sufficient to prove this rule in the case m = n =  1 .  

Suppose that the hypothesis holds , Then there exist four integers r, s, 

t, u, two functions Fp F2EC(IR 2 ) ,  a function GEC(lR) and a num­
ber Il ,  such that f = �r D/ F;. = D: D

y
u F2 and 

F (x, y) Il 
(i) I � as (x, y) � ( + 00 , + 00 ) ; 

x r ys r! s !  

(1' 1' )  
F;(X, y) G (X) ' +  I h 

. /'D 
--- � , UnhOrm y on eac compact set In 1\ m as 

y U U !  

We can assume that t = r, u = s , Take £> 0, then according to (i) there 
exist a, b > 0 such that: 

8.4.3. 
Il -- < £  for x > a, y > b, 

r!  s !  

Take now r additional points Xj > G, s additional points Yk > b and con­
sider two pseudo-polynomials rg>l (x, y) , rg>/x, y) of degree (m, n) such 
that F;. - rg>l and F2 - rg>2 vanish on the lines x = xj ' y = Y k ' Then if we put 
Fo = F;. - rg>l ' we have f = �r D/ Fo ' Fo = F2 -rg>2 and it is easily seen that 
(i), (ii) are again satisfied with Fo in the place of FI and F2 (t = r, U = s) , 
since the coefficients of the pseudo-polynomials are obtained as 

linear combinations of the values of FI (x, y) and F2 (x, y) on the lines 
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X =Xj ' Y =Yk . Hence from 8 .4 .3 .  follows, with Fo in the place of FI , 
and taking the limit as Y � + 00 : 

G(x) 
s s !£  for x > a. 

Th b b ·  b ·  h " · I ·  h 
G (x) A 

e num er £ elng ar ltrary, t IS Imp les t at � - as 

x � + 00 ,  which means that A = Urn Urn f(x, y) . •  . ' x -+ + oo  y -+ + oo  

More generally : 

Xr r !  

8.4.4. If f(x, y, Z) , with x E/Rm, yE /Rn, zE/RP is convergent on /Rm + n 

as z� + oop and iff(x, y , z) is convergent on /Rm as (y, z) � (+ oon ' + oop) ' 
then 

8.5. Convolution of two distributions on /R. 

Consider two distributions f= DmF and g =DnG, where 

F, GEC(/R) .  Then we have: 

f(x- t) = �mF(x- t) = (_l )m �mF(x- t) 

so that, for every k = 0, 1 ,  . . .  

D/f(x- t) = (-l )k �kf(x- t) . 

This suggests to write by definition 

f(x- t) g (t) = f(x- t) D,"G(t) = i G) D," - k(G(t)D:f(x- t)) 



with 

G(t)D}f(x- t) = Dxm + k (F(x- t) G(t» , 

that is 

8.5.1 . f(x- t) g(t) = i (�) Dxm + kDtn - k (F(x- t) G(t)) .  

1 69 

It is easily seen that the "product" f(x- t) g(t) does not depend 

on the representation of the distributions f and g. We can prove it as 

we have done for the product of a C n function with a Cn distribution 

in 4. 1 .  The analogy between these two situations comes from the 

following proposition, which can be proved without difficulty, 

but which is not essential for the following subject: The mapping 

t � f(x- t) of IR into the space �(lR) is infinitely differentiable . 

Consider now the expression f(x- t)g (t-y) . We have two pos­

sible interpretations : 

f(x- t) g(t-y) = i G) Dxm + kDtn - k (F(x- t) G(t-y)) 

8.5.2. 

f(x- t) g (t-y) = � (7) (_l )kD,m- 'D; + '(F(x- t) G(t-y)) .  

Remembering that the functions F and G can be approached by 

two sequences {Fn } and { GJ of COO functions converging uniformly 

on each compact interval, it is readily seen that: 

8.5.3. The right members of the formulas 8 .5 .2 .  represent the same 
distribution. 

A direct proof of this proposition does not seem to be easy. 
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L+oo 8.5.4. DEFINITION. If the integral f(x - t) g (t)dt is convergent 
on /R , the distribution 

- 00  

hex) = f f(x - t) g(t)dt JIR 
is called the convolution of f and g and denoted by f * g .  

From this definition, taking into account the linearity property of 
the partial integral, as well as 8 . 5 . 1 . , follows immediately that the 
convolution is bilinear, that is ,  we have : 

whenever f1 * g and f2* g exist, and analogously for the right side. 
Moreover 

8.5.6. COMMUTATIVE LAW: If f* g exists, g * f  exists too, and 
f* g = g * f. 

PROOF. Suppose that f* g exists and put h = f* g, that is 

hex) = r f(x- t) g (t)dt. Then for each y E /R ,  we have: JIR 
h(X-y) =i f(x -y - t) g (t)dt 

IR 

and it is obvious that the last integral is still convergent with respect 
to (x, y) on /R 2. On the other hand , Jor each y E /R ,  we may perform 
on this integral the substitution t =  u-y, which gives : 

h(X -y) =i f(x - u) g (u -y)du . 
IR 

Now, taking 8 . 5 . 3 .  into account, it can be seen that the last integral 
is also convergent with respect to y Jor each xE/R .  In particular, for 
x = 0, we have : 



h ( -y) = r f ( - u) g (u -y) du . JIR 
Hence by the substitutions y = -x, u = - t :  

that is ,  h = g * f . • 

h(x) = r g(x - t) f(t) dt, JIR 

1 7 1 

In the general case the convolution is not associative. But the 

following criterion can be used in several cases : 

8.5.7. If r f(x-y) g(y - t) h (t) dy dt, where f, g, h EliJ, is convergent JIR2 
on IR , then 

( f* g) * h = f* (g * h) = r f(x -y) g (y - t) h (t) dy dt. JIR2 
This is an immediate consequence of 8 .4 .4 .  

In turn, from the differentiation and substitution properties for 

partial integrals and from 8 .5 .6 . , follows immediately, taking defini­

tion 8 .5 .4. into account: 

8.5.8. DIFFERENTIATION PROPERTY. If f* g exists, then D(f* g) 
exists too, and 

D(f* g) = (Df)* g = f* (Dg) . 

8.5.9. TRANSLATION PROPERTY. If f* g exists, then for every 
h EIR 

On the other hand: 
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8.5.10. If f * g and f * (xg) exists, then (xf )  * g exists too and 

x (f* g) = (xf ) * g +f* (xg) . 

PROOF. It is sufficient to observe that (xf ) * g is given by 

r (x- t) f(x - t) g (t)dt = x r f(x - t) g(t)dt- r f(x- t) tg (t)dt . •  Jm Jm Jm 
This important property shows that multiplication by x, with re­

spect to convolution, behaves like a derivation operator. 
Finally, we can analogously prove that 

8.5.1 1 .  If f * g exists, then 

8.6. Convolution of distributions whose carrier is bounded on 
the left and ( or) on the right. 

We shall denote by §'*(IR) or simply §'* the vector space of all 
distributions on IR with bounded carrier. 

8.6.1 .  THEOREM. The convolution f* g exists whenever fE§2J* and 

g E � Besides, 
(i) f* (g * h) = (f* g)* h, whenever f, g E �* , h E §2J; 

(ii) 8* f = f, !or every f E �. 
PROOF. a) Suppose fE �* , g E §2J. Then there exists a bounded 

interval J such that g(x - t)f(t) vanishes for (x , t) f£. IR x J. Hence 

r g (x - t)f(t) dt is convergent on IR and gives f* g. Jm 
b) Suppose f, g E §2J* , h E  §2J. Then by an argument similar to the 

preceding it is shown that the integral 
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L f(x -y) g (y - t) h (t) dy dt /R 2  

is convergent on IR , and this according to 8 .5 .7 . implies (i) .  
c) Consider f=D nF, where F E C(lR),  and put �=FH, F2= F-F) . 

Now: 

Hence 8* D nF) = Dn+ ) (H* F',) = DnF) . It is seen analogously that 
8 * D nF2 = DnF2 ' so that 8* f= f . • 

This theorem along with 8 .5 . 5 .  can be expressed by saying : 

8.6.2. The space �* is an algebra under convolution and � is a 
module over that algebra, having 8 as unit element. 

Property (ii) in 8 .6 . 1 .  can be expressed explicity by the important 

formula 

f(X) =L 8(x - t) f(t) dt (DIRAC' S FORMULA) . 
IR 

We shall denote by sz: (respectively � )  the vector space of all 
distributions vanishing on the left (resp . on the right) of 0 and by .@. 
(resp . �) the space of all distributions whose carrier is bounded on 
the left (resp. on the right) of O. 

8.6.3. THEOREM. The space .@. (resp. �)  is an algebra under 

convolution and � (resp. � )  is a subalgebra of � (resp. �). 
In fact, if f, g E� , there exists a real c such that f and g vanish 

for x < c. Then f(x- t) g (t) vanish for t < c and t >x - c .  Hence 

L f(x- t) g (t)dt is convergent on IR and vanishes for x < 2c. The 
IR 

remaining parts of the theorem are easily proved . •  



1 74 

8.7. Convolution and order of growth, tempered distributions 

and rapidly decreasing distributions (on IR). 

Several criteria can be found, connecting convolution with order 

of growth of distributions .  One of these criteria is the following : 

8.7. 1 .  THEOREM. Let a and f3 be two real numbers satisfying one 
of the following conditions 

(i) a +f3 < - 1  and a >  0 ;  

(ii) a + f3 < - 3 and f3 s a < O .  

On the other hand, let f and g be two continuous functions on IR such 
that f E O(xa ) and g E O(xP ) ( l O) . Then f* g exists and f* gE O(xa ) .  

PROOF. a) Suppose a +f3 < - 1  with a � O. Then as f E O(xa ) ,  
there exists a number M such that I f(x) 1 s M( I + I x l ) a for all x EIR .  
Hence 

since a > O. 

So the integral 

f f(x - t) g (t)dt is dominated by M( I + I x l ) a f ( 1 + I t l )a l g (t) l dt. Jm Jm 
Since g E O(xP ) and a+f3 < - 1 , the last integral exists . Hence the first 

integral is uniformly convergent on each compact interval in IR and 

its absolute value is  s MK( I + l x l )a where K= f ( I + l t l )a l g (t) l dt. Jm 
Consequentely, f* gE O(xa ) .  

b)  Suppose now a + f3 < - 3 ,  with f3 < a < 0,  and consider the integer 

n such that 0 < a + n <  1 .  Then it is easily seen that a +f3+ n < -I so 

that xkf* xn- kg exists and is O(xa+ k ) for k= 0, 1 ,  . . . , n according to the 

previous conclusion . Hence (cf. 8 .5 . 1 0) :  

( 1 0) It is understood:  "in ordinary sense as x � 00 " .  



x"(f* g) = � (:) (X kj* x n -
kg) E O(x a+ ,, ) 

so that f* gE O(xa ) . •  
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8.7.2. COROLLARY. Let a be a real < - 2, Aa the set of all continuous 
functions f on IR such that f E O(xa ) as X � OO  and Ba the set of all 
continuous functions g on R such that there exists a real number /3 > 0 

(depending on g) satisfying the conditions a +/3 < - 1  and g E o (xf3 ) • 

Then Aa is an algebra under convolution and Ba is a module over that 
algebra. 

PROOF. Applying to the theorem (changing the roles of a and 

f3), it is readily seen that f * g exists and belongs to Bo: whenever f EAo: 
and g EBo: ;  and that f* g EA a whenever f, g EAo: . So we have only to 

prove the associative law: f* (g * h) = (f* g)* h , f, g EAa , h EBa . But 
this can be easily seen applying 8 .5 .7 .  as we did for 8 .6 . 1 . • 

8.7.3. Remark: The preceding theorem and corollary can be extended 

to locally summable functions according to the following criterium 

(FUBINI-TONELLI THEOREM) : If f, g EL(lR), then 

r f(x- t) g (t)dt is convergent almost everywhere in IR and defines JIR 
a function h EL(lR) .  It can still be stated that the preceding integral 

is convergent in the mean on IR , so that f* g exists in the distribu­

tional sense. Applying 8 . 5 . 1 1 . and taking the Fubini-Tonelli theorem 

into account, it is a simple matter to obtain the following generaliza­

tion of 8 .7 . 1 . : 

8.7.4.  THEOREM. Let a, /3 be two real numbers satisfying the 
conditions (i) or (ii) of 8 .7 . 1 . , a ', /3'  two real numbers such that 
a '  + /3' :s; 0 and f, g two locally summable functions such that 
fE O(xaea ' l x l ) and gE O(xf3ef3 ' lx l ). Then f* g exists and f*gEO(xaer l x l ) , 
where Y= max ( a ', /3'  ) .  
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For the proof it is convenient to consider I and g in the form 

1 = /) +/2 ' g = g ) + g2 ' with II '  g ) EC+ , 12 , g2E C_ ,  remembering that 
I) * g 1 E C + ' 12 * g 2 E C _ 

. 

From 8 .7 .4 . is easily deduced a corresponding generalization of 
8 .7 .� .  

Now, applying the differentiation property, we can derive frop! the 

preceding criteria corresponding rules for distributions. For example, --... 
let us denote by A a for every a < -2, the set of all distributions of the 

p 
fonn f = k�DnkF. ' where p, n "  . . .  , np are arbitrary integers and F. 

locally summable functions such that �E O(xa ) ,  and by Ba the set 

q 
of all distributions of the fonn g = k�"Gk where q ,  r" . . .  , rq are 

arbitrary integers and Gk locally summable functions such that 

Gk E O(xP )  with a +f3< - 3  and a <f3 (13  depending on g) .  Then it is '"'-' 
easily seen that A a  is an algebra under convolution and Ba a module 

over Aa . 

8.7.5. DEFINITION. A distribution I on IR is said to be tempered 

(slowly increasing or of polynomial type) if there exists a real a 
such that IE O(xa ) (in distributional sense) . 

An equivalent definition to this is the following: I is tempered if 

and only if there exist two integers n ,  k and a/unction FEC(lR) such 

that I =DnF and FE O(Xk ) in ordinary sense . 
"-' "-' 

We shall denote by !!lJ(IR) or simply by !?lJ the set of all tempered "-' 
distributions . It is readily seen that §!J is a vector space closed under D. 

8.7.6. DEFINITION. A distribution f on IR is said to be rapidly de­

creasing if and only if for every a< O, I can be represented in the 
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p 
fonn f = �lDn.F" where p, n l ' . . .  , np are arbitrary integers (n, "' O, 

p � 1 )  and � continuous functions such that � E O(xa ) in ordinary 

sense. r--.. 
We shall denote by §J the set of all rapidly decreasing distribu-

tions on IR . From preceding results it is easily deduced: 

r--.. '-" 
8.7.7. COROLLARY. §J is an algebra under convolution and §J a 

r--.. 
module over §J. 

v 
A similar result can be obtained concerning the space §J of all 

distributions of exponential type (that is ,  of the form f = Dn F, where 

F is a continuous function on IR such that F E  O(ea 1 x l ) for some real 
/\ a) and the space §J of all exponentially decreasing distributions 

(that is, of the form f = DnF, where F is a continuous function such 

that FEO(ea 1 x l ) for all real number a) .  
/\ r--.. '-" v 

Observe that §J* c §Jc §Jc §J C §!  C §!. 

8.7.8. Convolution in IRn .  The concept of convolution of distribu­

tions on IR is readily extended to the case of distributions on IR n , and 

all preceding properties of convolutions can be generalized to this 

case : only we are now concerned with derivation operators , transla­

tion operators ,  etc. ,  corresponding to the different variables . 

Theorem 8 .6 . 1 .  is readily extended to distributions of several 

variables . As for theorem 8 .6 .3 . it gives place to new possibilities in 

the case of n variables.  

Let r be any convex cone in IRn whose vertex is at the origin 
'"'-' 

and not reducing to a half space. We shall denote by §!r the set of all 

distributions on IR n vanishing outside some cone a + r with a EIRn. 
Then it is easily seen that §r is an algebra under convolution and 
�r a subalbegra of �r ; besides, there exists a maximal subspace of 

� distinct from §!r which is a module over �r . 
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Finally, the criteria given in  8 .7 .  can also be  extended to the 
case of n variables and combined between them and the preceding 

ones, according to the different variables . 



CHAPTE R I X  

FO U RI E R  TRANS FO R MATI O N .  

9.1. Fourier transformation for tempered distributions on fR. 

Let f be any distribution on fR. If the integral r eiXYf ( y) dy is J/R 
convergent on IR , then the distribution 

9.1. 1 . g(x) = r eixYf ( y) dy JIR 
is called the Fourier transform of f and we write g(x) = �� I Y f( y) ,  or 

simply g = �f. Frequently the Fourier transform of f is also denoted by " 
f .  For simplicity we shall omit the subscript IR in the integral sign 

when no confusion can arise . 

J eixy 
As an example, we have seen that 1 

+ 
y2 dy = ne- l x l  in distribu-

tional sense. Hence, 
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From this we deduce that 

feiXYdy = 21Ct5(x) , 

and so 

9.1 .2. �1 = 21!o. 

On the other hand, it is readily seen that 

9.1.3. 

We now establish some fundamental properties of the Fourier 
transform. 

9.1.4. lf �f and �g exist, then �(A.f + J1g) exists for all A. ,  J1 E C  and 

�(A.f + J1g) = A. (�f ) "+ J1 (�g) . 
PROOF. This is an immediate consequence of the linearity pro­

perty for integrals . • 

9.1 .5. lf �f exists, then c.J(Df ) exists and �(Df ) = - ix (�f ) . 
PROOF. e iXYf ' ( y) = Dy (eiXYf( y» - ixe ixYf( y) . If �f exists , i .e . , if 

eixYf( y) is integrable on IR, then eixYf( y) -.:, 0 on IR as y -.:, 00, and 
therefore 

f eiXY! ' ( y) dy = - ix f eixYf( y) dy . • 

9.1 .6. lf �f exists, then �( Yf ) exists and �( Yf ) = - iD (�f ) . 
PROOF. If :ff exists , then by the differentiation property 

- i Dx f eixy f ( y) dy = f eiXyy f ( y) dy . • 

Combining 9 . 1 .4 . , 9 . 1 .5 .  and 9. 1 .6 . , gives : 



9.1.7. If P is any polynomial, then 

CS(P(D)f ) = P(- ix) (CS f )  
CS(P( y)f ) = P(- iD) (CSf ) . 

1 8 1  

We now establish some existence criteria for Fourier transforms . 

9.1.8. If f is summable on /R, then CS f exists and is a bounded 
continuous function. 

PROOF. Suppose fEL(lR) .  Since l eiXYf( y) I = l f( y) 1 for all 

x, y EIR , the integral f i eiXYf ( y) i dy is dominated by the integral 

f i f( Y) i dY which is convergent and independent of x. Hence, 

f eixYf( y) dy is uniformly convergent on IR , and thus it is convergent 

in the distributional sense and represents a continuous function g(x) 
on IR . Finally, 

i g (x) i s f i f( Y) i dY for all x EIR . • 

We shall denote by Cb the space of all bounded continuous func-
'-" 

tions on /R. Recall that § denotes the space of all tempered distribu-

tions on IR . From 9 . 1 .7 .  and 9. 1 .  8 .  follows :  

'-" '-" 
9.1.9. If fE§ then CSf exists and CSfE§. 

'-" 
PROOF. Suppose f E§. There are m, pE/No and FEC(lR) 

such that f = DmF and FE O(xP ) in the ordinary sense as x -;.  00 . 

F 
Set lP = . Then f = Dm« 1 + ix )p + 2lP) ,  lP EC(/R) , and 

( 1  + ix ) p + 2 
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'--' 
Therefore, by 9 . 1 . 8 . , �f l/J exists and J l/J E Cb C [:g. Hence, by 

'--' 
9 . 1 .7 . , �ff also exists and :ff = (- ix)'1!( 1 +D) p + 2(Jl/J)E!Z1 . •  

We next propose to study the problems of the inversion of ;t. 
We observe that :f transformed 1 into 2 no, 0 into 1 ,  D into mul­

tiplication by - ix ,  and multiplication by x into - iD. Hence, if :-f - 1 
exists , it must transform 0 into 1 /2n., 1 into 0, etc . Thus we might 

expect that � -l is given by the formula: 

9.1 .10. 1 f . f( y) = - e-1XYg (x) dx . 
2n 

We shall temporarily denote by :f * the transformation g ---+f de­

fined by 9 . 1 . 1 0 . It is readily seen that �*  has the required properties 
'-" 

and that � * f exists for all f E �. Moreover, 

'-" '--' 
9.1. 11 .  If f E !?L?  and g = ;}j, then j = ;} *g ;  conversely, if g E � and 

j = ;} *g ,  then g = Jf. '--' 
PROOF. Suppose j E !2J  and set g = :fj, h = �f*g . Then 

and, if we may interchange the order of summation, we find 

h( y) = 
2

1

n: 
f(f e'x ( Y '-Yldx ) f( y ' ) dy ' . 

But 

f e'x ( y '- yldx = 2n:8( y '-y) = 2n:8( y -y' ) 

and by Dirac 's  formula 

h( y) = f 8( y-y ' ) f( y ' ) dy ' = f( y) . 
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'-' 
It is shown analogously that if g EfZJ· and f = J*g ,  then g = Jf. We 
need only justify the interchange of summations, and by 8 .4.4 . it is 

sufficient to show the convergence of the double integral 

9.1.12. f f eix ( Y '-Y)f( y '  )dxdy ' . 

The integral 

9.1.13. 

with f EL , is uniformly convergent on fR since for all x,  y, y '  E fR , 

_ 1 
and l eiXY 'f( y ' ) 1 = 1 f( y ' ) 1 , 

1 + X2 

and the functions ( 1 +X 2 )- 1 and f( y ' ) are summable on fR. Hence, 

by applying the operator 1 -D2 to 9 . 1 . 1 3 . , we see that 9 . 1 . 1 2 .  is con-'-' 
vergent for f EL . The result for f E!if now follows by an argument 

similar to the proof of 9 . 1 .9 .  if we observe that 9 . 1 . 1 0 .  represents '-" 
:f * J and that J*  J (Df ) = Df, J* J (xf ) =xf ,  for all fE.§?) . •  

'-" 
Thus we have proved that J* = J-1 for J restricted to !if. We ask 

if tempered distributions are the only distributions having a Fourier 

transform in the previous sense. 

The answer is affirmative : 

9. 1.14. If the integral f ei XYf( y) dy is convergent on fR , then fEjJj. 

PROOF. Suppose f eiXYf( y) dy is convergent on fR . Then eiXYf( y) 

is of the form ( 1 + iy)- IDXmDyn F(x, y) where F(x, y) E O(yll ) uniformly 

on each bounded interval as y � 00.  Hence, 
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and, since the right member is independent of x, it follows that '-" 
fE O(y2n- l ) and so fE.@" . •  

The preceding results may be summarized as follows : 

9.1.15. THEOREM. J is a one-to-one linear mapping of the space '-" 
.@" onto itself, changing D into multiplication by - ix , multiplication 
by x into - iD, 1 into 21CO, and O into 1 .  J- 1  is given by 9 . 1 . 10 .  

9.2. Fourier transformation and convolution. 

The following theorem is well-known: 

9.2. 1 .  THEOREM. If f and g are summable functions on IR , then J 
transforms the convolution f* g into the usual product of the 
continuous functions Jf and Jg. That is, 

PROOF. By the theorem of Fubini-Tonelli (8 .7 .3 . ) :  if f, gEL, 
then f* g exists and f* gEL . Let j= Jf, g = Jg. Then by 9 . 1 . 8 . ,  

" " f, g E Cb and 

j(x) g (x) = r eiXUf(u) du r eiXVg (v) dv = r eix( u+v )f(u)g(v) dudv. Jm Jm Jm 2 
Now let u + v = y, v = t .  Then u = y - t, the lacobian of the 

transformation is 1 and the transformation maps IR 2 onto IR 2 . There­
fore, 

j(x)g (x) = r eixYf( y - t) g (t) dydt = r eiXY ( r f( y- t) g (t) dt)dY, Jm 2 Jm Jm 
and so jg = J(f* g) . • 
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9.2.2. COROLLARY. Let !, g be distributions on IR of the form 
f= DmF, g = DnG, where F and G are locally summable functions 
satisfying the condition that there exists an integer p such that 
( 1  + ix )PF and ( 1  + ix )-PG are summable on IR . Then J(!* g) = 
= (J! ) (Jg) .  

This is a consequence of  theorem 9 .2 . 1 . and properties 8 .5 . 8 . 
and 8 .5 . 1 0. The corollary can obviously be extended to distributions 
which can be expressed as finite sums of the preceding forms . Recal--.. . 
ling the definition of the space fiJ of all rapidly decreasing distri-
butions, it is easily deduced from 9.2.2. : 

-.. '-' 
9.2.3. COROLLARY. If !EfiJ, gEfiJ, then J(!* g) = (J! ) (Jg) . 

In order to characterize the Fourier transforms of the rapidly de­
creasing distributions, we shall first establish two general criteria: 

9.2.4. THEOREM. If! is a distribution of the form DnF, where F is 
a locally summable function on IR and FE O(�- r )  for r, an integer 
� 2, and if (jJ= J!, then (jJ is a C r- 2 function and (jJ (k) E O(x n ) for k = 0, 
1 ,  . . . , r-2. 

PROOF. Suppose the hypothesis is satisfied and put qJ= J F. Then 
(jJ= (- ix )nqJ and since x kFE O(x-2) for k= O , 1 ,  . . .  , r-2, it follows 
that DkqJ E Cb for k = 0, 1 ,  . . .  , r-2 by 9 . 1 .6 . and 9 . 1 . 8 .  Hence (jJ E C r- 2 

and (jJ (k) E O(x n ) for k = O, 1 ,  . . . , r-2 . •  

9.2.5. THEOREM. If (jJ is a C r  function such that (jJ (r) E O(x n - r ) for 
n, r EINo , and if! = J(jJ, then ! is of the form ! = (1  + D)n+2F for FEC 
such that FE O(X- r ) .  

PROOF. Suppose the hypothesis  i s  satisfied and put 
QJ= ( 1 + ix )-n-2(jJ, F= JqJ. Then != ( 1 + D)n+2F. On the other hand, 
(jJ E O(x n-k ) for k = O, 1 ,  . . . , r ,  and this implies (jJ (r) E o(x - 2 ) .  Hence 
x rFECb and so FE O(X-r )  . •  

9.2.6. DEFINITION. A tempered COO  function on IR is a function 
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ifJ E C r¥J(lR) satisfying the condition that for every r = O , 1 ,  . . . , there 

exists an integer n such that ifJ (r) E O(xn ) in the ordinary sense as 

x �  00 .  We denote by iVl the set of all tempered C r¥J  functions on fR. 
'-' 

It is easily seen that iVl is a vector subspace of � n  C GO ; but ob-'-' 
serve that iVl �§?Jn C GO .  From 9 .2 .4 . and 9 .2 . 5 .  we have : 

9.2.7. COROLLARY. The Fourier transformation J maps the con--... 
volution algebra §?J onto the multiplication algebra iVl . -... 

PROOF. a) Suppose fE2J". This implies that for every r = O, 1 ,  2, 

m 
. . .  , f can be represented in the form f = k D" F. where F. E O(x )- ,-2 

for k =  1 ,  2, . . .  , m. Then if ifJ =;Sf, it is easily seen from 9 .2 .4 . that 

ifJ E c r and ifJ (r) E O(xJJ )  where J1 = max (rJ , . . .  , rk , . . . , t:n ) '  Hence, 

ifJ E iVl  . 
b) Suppose ifJ EiVl . Then for every r= O, 1 , 2 , . . . , there exists n 

such that ifJ (r) E o(xn ) .  Thus if we put f= ;S* ifJ, we conclude from 

9 .2 . 5 .  (which obviously extends to ;S*), that f is of the form 

( 1  + D)n+2F, where F is a continuous function such that FE O(x-r ) .  -... 
Hence, f E §?J . •  

9.3. The Fourier transformation as a continuous mapping. 

It can be seen that the Fourier transformation is not continuous '-" 
with respect to the topology of § restricted to 12J. However, we can '-' 
define a stronger topology on §?J which will make ;S as well as D 

continuous, and extends the usual topologies on function subspaces '-' 
of 12J. In the space Cb of all bounded continuous functions on fR a 

norm is usually defined by I l f l l = sup I f(x) l . Then, 
x E IR 

9.3.1 .  LEMMA. ;S defines a continuous mapping of the normed 
space L into the normed space Cb ' 



PROOF. It is sufficient to observe that if f E L ,  then 

I I 3'f I I  s f l f l = I l f I l L (cf. proof of  9 . 1 . 8 . ) . •  
"-"" 
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We shall try to define the strongest topology on !?lJ making both 

� and D continuous and inducing a topology on Cb (resp . L) weaker 

than the norm topology of Cb (resp . L) . If such a topology exists, then 

�-l  and the mapping f � xf will also be continuous . 

These considerations lead us to the following definition of con­

vergence for sequences : 

"-"" 
9.3.2. DEFINITION. A sequence of distributions { fn }  c!?lJ conver-"-"" 
ges in the tempered sense to a distribution gE !?lJ if there exist an 

integer p, a sequence of functions { Fn } CCb and a function G E Cb 
such that 

(i) fn= DPFn for all n ; 
(ii) g = DPG ; 

(iii) ( 1 +x2 )-P (Fn- G)  converges to 0 uniformly on IR as n � oo.  

It i s  now a simple exercise to verify that this concept of  conver­

gence satisfies all of the preceding conditions . "-"" 
In order to define in !?lJ the strongest topology satisfying the same 

condition, we shall denote by cb-r for k = O, 1 ,  2, . . . , the space of all 

distributions of the form f = Dr( 1 + X 2 Y F with F E Cb '  and we shall 

consider cb-r provided with the image topology of Cb by means of the 

mapping F� D r ( 1  +x2 YF of Cb onto Cb-r. Then it is easily seen (as in 

the case of distributions on a compact interval) that cb-r is a normed 

space and the injection Cb-r� cb-r-l is compact for r =  0, 1 , 2, . . . . On 

00 
the other hand 15 U Cb-r so that jffi- with the inductive limit topology 

r = O  

of the normed spaces cb-r is an (LN*)-space. Then it can be seen that 

this topology is the strongest one satisfying all preceding conditions 

and such that the concept of convergence for sequences agrees with 

that defined directly in 9 .3 .2 .  
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It can also be proved that the substitution x=t/(t2-1) defines a --
one-to-one continuous linear mapping of the locally convex space � 
into the locally convex space.2? [-1, 1]. 

9.4. Fourier transformation and scalar product. 

Sometimes the Fourier transformation is defined by the formula 

9.4.1. 
1 L. g(x) = e,xYf(y)dy, 

v'2n- IR 

instead of 9.1.1. So far as no misunderstanding may arise, we shall 

still write in this case g = 'Sf. The fundamental properties of Fourier 

transformations that we have previously proved are not altered by 

this change of form. But we now have of course, 

The advantage of this new form is that it preserves in many cases 

the hermitic scalar product of two distributions. 

9.4.2. DEFINITION. A rapidly decreasing CO'J function on IR is a 

function l/JECO'J such that l/J(n)EO(x-r) for all n, r=O, 1, 2, ... . 

We shall denote by S the set of all rapidly decreasing functions. --
S is a proper vector subspace of .2? n 0lL. For example, exp (-x 2 ) E S. 

'--' 

It is easily seen that (f, l/J) exists on IR whenever fE!!if and ifJ E S. 

Moreover, if we consider the topology on S defined by the sequence 

of norms 

IlifJll n= sup ( 1 l/J(x)l, (1 +x2)lifJ'(x)I , . . . , (1 +x2)nlifJ(n)(x)I), 
xE1R 

'-' 

it can be proved that !!if is isomorphic to §'. (In the theory of Schwartz, 
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'-" 

the space ffJ is defined to be Sf). On the other hand, it is easily seen 

by applying 9.2.4. and 9.2.5., that j= maps the space S onto itself. 

Thus S is at the same time a multiplication algebra and a convolution 

algebra. 

9.4.3. THEOREM. If fE� and ifJ E S, then (f, ifJ) = (j=f, j=ifJ). 
PROOF. Set g=j=f, If/=j=ifJ. Then, 

(f, ifJ)=L f(X)ifJ(X)dx=L (� f e-iXyg(Y)dY) ifJ(X)dX 
IR IR 21! JIR 

= 1 f e-ixYg(y) ifJ(x)d xdy= f g(y)( 1 L e-iXYifJ(X)dX)dY 
� JIR2 JIR \� IR 

= f g(y) If/(y)dy, 
JIR 

since the double integral exists and exp(-ixy) = exp(ixy) .• 

In the theory of Schwartz, this theorem is true by definition since 

� is defined as the transpose of j= restricted to S : 

(j= f, ifJ) = (f, j=ifJ), for all fE�, ifJ E S. 

Let us now consider the Hilbert space of all square summable 

functions on IR, which we shall denote by j(. We shall put 

1 1  f112= v(f, f) for all fE j(. 

Convergence in this norm is called convergence in the square 
mean. It is well known that every f E j( can be approached in the 

square mean by a sequence of functions {ifJn} CC*OO(lR), so that in par­

ticular S is dense in j-c. On the other hand, it follows from 9.4.3. that 

if ifJ ES, then IlifJ112= IIj=ifJI 12' Consequentely, the Fourier transforma­
tion restricted to S can be extended to a linear isometry of the space 
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J( onto itself. We shall provisionally denote this "mapping by �. In 

particular, if f is a locally summable function with bounded carrier, 

then clearly fE J( and �f= �f. Thus, in general, ?If is given by the 

limit, as a � - 00 and b � + 00 ,  in the square mean of 

1 Ib v'21Z eiXYf(y) dy . 

21! a 

9.4.4. LEMMA. If f, g E X  then L:f(x-y)g(y) dy converges uni-

formly on each compact subset of fR , as n � + 00, to a continuous 

function h such that �h = (�f ) (�g) . 

PROOF. Set fn(x) = f(x)(H(x + 2n) - (H(x- 2n» ? 
gn(x) = g(x) (H(x + n) - H(x - n) . Then fn ' gnEL n J( for all n and 

L:f(x-y)g(y) dY = (fn* g. ) (x) for Ix l < n. Hence, if we put in= Jfn ' 

,.., -- -..., "-' " I'\. 
gn= �gn ' f = �f and g= �f , we have fn gn= �(fn* gn ) EL for all n, 

"'" ___ A """-
and since fn � f ,  g n � g in the square mean, then fn g n � f g in the 

square mean, and therefore f n * g n � h = � -1 (f g )  uniformly on fR. 

Consequently, L> (X-y)g(Y) dY converges uniformly on each COffi-

pact subset of fR to the function h, which is obviously continuous . •  

9.4.5. THEOREM. Every function f E J( is a tempered distribution 

and �f= �f for every f E J( . Moreover, convergence in the square 

mean implies convergence in the distributional sense and if f, g E J(, 

then f * g exists in the distributional sense and is a continuous func­
tion such that �(f* g) = (�f )  (�g) . 
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PROOF. Set f = Jf ,  fo =  ( 1 +  iX )-,lf and fO = J-l fo ' (observe that 

fo E3CnL) .  Since J-1 ( 1 + ix ) = O- O' , (O- O' ) *fo = ( l - D)fo '  it fol-
--

lows from the lemma that f= ( l -D)fo and hence fE §Z1, since fo E Cb . 

The remainder of the theorem follows from the preceding results . 

9.4.6. COROLLARY. If f, g EJ-( , then ( f, g) = (Jf, Jg) . 

PROOF. It is sufficient to observe that J is an isometric linear 

mapping of the hermitic space J-( onto itself. • 

9.5. Fourier transformations on IRn. 

The Fourier transformation on /Rn may be defined by 

n 
where f is a distribution on IR n, and xy = � xk Y k " If the integral is 

convergent on /Rn, we write g = Jf. 

A distribution f on /R n is said to be tempered if and only 

if there exist two systems p, r E /Non and a function FEC(lR) such 

that f =DPF and FE O(x( '  . . .  x;n ) in the ordinary sense. We write 
-- --

fE §Z1(1R n ) or simply f E �. 
All preceding properties of the Fourier transformation can be 

extended to the present case with the obvious modifications concern­

ing the existence of n derivation operators and n coordinate functions 
" " 

X I " ' "  xn ' Thus, 

J(Dk f )  = (- ixk)(Jf ) , 

J(xk f )  = (- iDk)(J f) , 
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for all fE � and k= 1 ,  . . .  , n .  Moreover, in the inversion formula the 

1 1 
coefficient - must be replaced by . 

21f (21f)n 
--

Observe that if fE @(IRn)  we can define 

the Fourier transform of f with respect to Xk • (It is easily proved that 

this partial integral is convergent on J] IRx) · Then we write gk= 'Jkf, 
J � 

and it is easily seen that 

et = 'J . . . et J 1 I n • 
--

For the existence of 'Jkf it is not necessary that fE @(lRn) .  It is 

sufficient that there exist an integer p, such that 

!EO(Xf ) on J] IRxj as Xk� OO .  
J � 
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